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BBEJAEHUE

VY4eOHoe mocobue CoNep KUT U3T0KEHHE TAaKOTO pasjeina MaTeMaTHIeCKOTO
aHanM3a, KaKk KOMIUICKCHBIM aHaliu3 W MpeAHa3HayeH g CTYACHTOB IIO
HamnpasyieHuto 1noaroroBku 02.03.03 «®ynaameHTanbHas uWHQoOpMaTHKa u
uHpopmarmonasie TexHojgoruu» u 09.03.01 «MabopMaTHKa U BEIYUCIUTEIbHAS
TEXHUKA.

Becw maTepuain pa3out Ha miecTh riaB. [lepBast rimaBa nocBsiieHa OCHOBHBIM
MNOHATUSIM M onpeneNieHusM (YHKIMA KOMILJIEKCHOTO TiepeMeHHoro. B
MOCJEAYIOMINX TJIaBaX M3Y4YarOTCs CTENEHHbIE psabl U psaasl Jlopana. OcHOBHOE
BHUMaHHE B TPEThEU TJlaB€ MOCBAIICHO AHAIMTHUYECKOMY MpOAOoKeHUo. B
MATOM TJIaBEe MOCOOUS U3JIaraloTcsl Hayayla TeOpUH KOH(QOPMHBIX OTOOpaKEHUM.
3aMbIKaeT TMocoOue 1iectas TJlaBa, B KOTOPOM MPUBOMASTCS DJIEMEHTHI
OTEPAIIMOHHOTO BhIUKCIeHUs. HaMeueHbl MyTH MPUIIOKEHUS PAa3BUTOU TEOPUU
K peleHuo gudPpepeHnanbHbIX 1 THTETPAbHBIX YPaBHEHUM.

Kaxpnas rimaBa coaep:kuT noapoOHOE pelieHrne TUMOBBIX 3ajad U MPUMEPDI
WJUTKOCTPATUBHOIO Xapakrepa. TakKe MPUBEICHBI BOMPOCHI I CAMOKOHTPOJIA
C 3aJJaHUSIMU JIsI CAMOCTOSITEIILHOM pabOThI CTY/IEHTOB.



1. OcHOBHBIE NOHATHS TECOPHUH (l)yHKIII/Iﬁ KOMIIVICKCHOTI'0 ITIEPEMEHHOI'O

B HaCTOAIICM pPasJcii€ Mbl IMO3HAKOMHUMCA C OCHOBHBIMH BHJAaMHU 3allMCHU
KOMIIICKCHBIX 4MCel. TakKoBBIX CymcCTBYCT YCTBIPC. 210 — KOOpIWHAaTHaA,
aﬂre6panquKa;1, TPUTOHOMCTPHUUYCCKAdA M IIOKa3aTCJIbHaA (1)0pMI>I 3aIIucu
KOMIIJICKCHOI'O YHMCJIA.

Koopounamnas ¢popma 3anucu Komnaekcnozo uucaa

Onpepenenue. Komniekcnoe uucio Z — 3TO Napa BELIECTBEHHBIX YUCEN X
U Y, 3alIUCAHHBIX Yepe3 TOUKY C 3alATol: Z=(X;Y).

Ileppoe u3 »TUX uyHcen — X — Ha3BIBACTCA GewjecmeeHHOU (unu
OelicmeumenvHoll)  Yacmovio  KOMNJIEKCHO20 — YUCHd, BTOPOE UHUCIO —
BEIICCTBEHHOE YMCJIO Y — HA3BIBACTCS MHUMOU YACMbIO KOMNIEKCHO20 YUCTA.

Jlmst  BemeCTBEHHOM M MHMMOM — 4acTew
BBOJIATCS CIIeIYIOIITHE 0003HauEHUS 1y
cooTBeTCTBEHHO: X=Rez, y=Imz,roe z=(Xy).

Omnpenesenne. Yucio Z Ha3bIBACTCA YUCMO 5{———— 9 Z(5.9)
6ewecmeennbiM, €CIM €ro MHHMMas 4acTb paBHA |
HYJTIO. |

Omnpenenenue. Yucno z Ha3bIBaeTCS YUCMO :
MHUMbIM, €CIIM €ro BEIIECTBEHHAas 4YacTb pPaBHA z
HYJIIO.

KommiekcHoe YHUCIIO OTMEYaIoT Ha

. Puc. 1. KommiekcHoe  4ucio
KOMIIJICKCHOHN IINIOCKOCTH TaK, KaK €CJIH OBI DTO 2(5_ 5)

Obta OOBIYHAs TOYKA IIOCKOCTH. Ilpm sTOM
BCIICCTBEHHAas]  4YacTh  4ucla  OOBSBISETCS
KOOPJAMHATOM TOYKH II0 OCH alCIMCC, a MHUMas — KOOPJMHATOM IO OCH
opauHar. Cama TIUIOCKOCTh, TIPEACTABIAOMIas COOOM MHOXKECTBO BCEX
BO3MOYKHBIX KOMIUICKCHBIX YHCEJ, HA3bIBACTCS KOMNIEKCHOU NAOCKOCHbIO, €€
OCh OPJMHAT — MHUMASL OCb KOMNJEKCHoU niockocmu (puc. 1).

Cama KOMIUIEKCHasi IUIOCKOCTh 00O3Hadaercsi OOblYHO OyKBOM Z, BCE
MHO’KECTBO KOMIIJIEKCHBIX YHCENI 0003HaYaeTCs Kak || .

Ha  KOMIUIEKCHON

TIIIOCKOCTH

Apugpmemuueckan popma 3anucu KOMnIEKCHO20 UuUcaa

Onpenenenne. KommuekcHoe uncao Z=(X;Yy) Ha3bIBACTCSI CYMMOU O8YX
KOMANEKCHBIX uucen Z,=(X;Y) B Z,=(X;Y,), Z=2+2Z, ecmu X=X +X,,

Yy=Y11Y,.



HecnoxxHo BHAETH, YTO CyMMa ABYX KOMIUIEKCHBIX YHCEN IOJTY4YaTCs C
MOMOIIBIO  MPOCTOTO  CIIOKCHHSI  BEIMIECTBEHHBIX M  MHHUMBIX  YacTel
CKJIaJIbIBaeMBIX grcen (puc. 2).

[IpencraBnsieTcst pa3yMHBIM BBECTH BEIYUTAHUE AaHAJIOTUIHO:

Onpenenenne. KoMIekCHOE YUCIO Z =(X;Y) Ha3bIBACTCSA PA3HOCHIbIO O8YX

KomMnieKcHbX uucen 7, =(X;Y;) U Z,=(X3Y,), Z=2-Z,, €cmm X=X —X,,

y=Y,-Y, (puc. 3).

BOBBp&H.IEUICB K aHaJIOTHH C TOYKaMHu Ha IINIOCKOCTH, 3aMCTHUM, UTO aHAJIOTHUA
COXpaH}IeTC}II KOMIIJICKCHOC YHCJIO HA ITIIOCKOCTH MOXKHO y1'10)106I/ITL pazmyc-
BEKTOpPY (TO €CThb TaKOMYy BEKTOPY, HAauyajo KOTOpPOIrO HAaxoOIWUTCAd B Hayaie
KOOpI[I/IHaT, d KOHCII — B ,HaHHOﬁ TO‘IKe); TOraa CYMMa nu paSHOCTL KOMIIJIICKCHBIX
YUCCJI 6YIIYT COOTBCTCTBOBATH BGKTOPHBIM CYMMG nu paSHOCTI/I.

“y ﬂy

2(18,9)=2,+7,
Z4(5,5)
7=2,-Z,

Z,(13,4) .

X

Puc. 2. CnoxeHne KOMIUIEKCHBIX uucenl Kak  Puc. 3. Boluntanue KOMIUJIEKCHBIX YUCEl
BEKTOPOB (ctpoutcs 1o npaBwily  (MycCTble KPYKKH, CTPOUTCSI C TOMOUIbIO
napaiesorpaMma) IIpaBWJIa TPEYTOJIbHUKA)

Tenepb IOMOJHUTENBHO BBEIEM OINEPALMI0 YMHOXEHUS KOMILJIEKCHOTO
YHUCJIa HA BEIIECTBEHHOE YHUCIIO:

Onpepenenne. Ecimu  zZ=(X;y), a A- BeIIECTBEHHOE 4YHCIIO, TO
AZ=(AXAY).

To ecTh yMHOXEHHUE OCYIIECTBISECTCS YMHOXEHUEM BEIICCTBCHHOU U
MHHUMOM 4aCTH KOMILJICKCHOTO YHCJIa Z Ha BEIEeCTBEHHOE YUCIIo A.

3amMeTuM, 4TO M ATa OIepalys BIIOJHE COOTBETCTBYET BEKTOPHOM aHAJIOTHH:
€CIIM MBI PaJMyC-BEKTOP YMHOXAeM Ha BEIIECTBEHHOE YUCIIO A, TO MOIydaeM
BEKTOP, JTHHA KOTOPOTO B |A| pa3 Gombire.

Teneps nmonpoOyeM MPUMEHHUTH MPEIIIOKCHHBIE ONIEPALUH K KOMITICKCHOMY
qUCITY.

ITycts ecThb Z=(X;y). MoXHO ero mpejacTaBuTh Tak: Z=(X;y)=(x;0)+(0;y)
0 TpPaBUIy CIIOKCHUS KOMIUICKCHBIX 4YHCENl. Temepb BOCIOJIb3yeMCs
ymHO)keHHeM:  (X,0)=(X-Lx-0)=x-(L0) u  (0;y)=(0-y;1-y)=(0;1)-y.
Vcnone3ys 3TH Ba pe3yabTaTa, nomyunM: Z=(X;y)=X(10)+y(0;1).



Omnpenenenne. Yucno (1,0) HaspiBaeTcs gewjecmeenHou eOunuyel U
obo3Havaerca 1, 4uciIo (0;1) HAa3bIBACTCS MHUMOL eluHuyeli 1 0003HaYaeTCs

KakK | .
COOTBETCTBEHHO, C IMOMOINBIO HOBBIX O0O3HAYCHHWH MOYKHO 3aIrucaTh
pe3yNbTaT HaIUX BBIYMCIEHHH Kak: Z=(X;Y)=X(L0)+y(0;1)=x+1iy.

Omnpenenenne. IlpencraBnenne KOMIUIEKCHOTO 4ucina Z=(X;y) B BHIC
Z =X+1y Ha3bIBaeTCS aneebpauueckoll popmoil 3anucu KOMNJIEKCHO20 YUCIA.

Onpenenenne. Yucno zZ=(X;y) Has3bBaeTCA npousgeoeHuem O0syx
KomMnieKcHbX uucen L =(X3Y,) H  I,=(X;Y,), ecmm  X=XX,—YY,,

Y=XY, T XY
Onupasice Ha ONEpalydil YMHOXXEHHUS, ITOKaXEM, YTO IPOU3BEICHUE
KOMILUJIEKCHOM €UHUIIBI CaMOU Ha ce0s 1aéT BELIECTBEHHOE YUCIo —1.
J1efiCTBUTEILHO, (0;1)-(0;1)=(0-0-1-1,0-1-0-1) =(-10)=-1. Taxum

obpasom, i2=-1.

AHaIOTHs MEXy YMHOXXEHHEM BEKTOPOB U KOMIUIEKCHBIX YHCEI B JAHHOM
cllydae He BEpHA: IMPOM3BEICHUE KOMIUIEKCHBIX YHCEN I BEKTOPOB aHAJIOTOB
HE UMEET — 110 KpaiiHell Mepe, HeT M3BECTHBIX aHAJIOTOB.

Komnnekcuwie uucna 6 nwmpnoﬁ cucmeme Koop()uuam

Mpbl paHee MOKa3bIBAJIM AHAJIOTHIO JIEKAPTOBOM CHUCTEMBI KOOPJIHWHAT H
KOMILJIEKCHBIX yuced. Ha mpakTuke yacTo ObIBaeT yAOOHO MOJIb30BATHCS HE
JEKapTOBOM CHCTEMOM KOOpAMHAT, a MOJSIpHOM. B momspHOM cucreme
KOOPJIMHAT BMECTO MPOEKIMI TOUKU HA OCH CHUCTEMbl KOOPAUHAT UCIOJIb3YETCS
paccTosiHME OT Hayajla KOOpAWHAT (MOJISIPHBIA paguyc) M Yroy, KOTOPBIM
paZnyCc-BEKTOP COCTABIISIET C MOJOKUTEIBHBIM HAIIPABIEHUEM OCH a0CIIHCC.

Takue e XapaKTepUCTUKN MOKHO BBECTU U Ha TJIOCKOCTH.

Onpenenenue. Mooyrem KOMNIEKCHO20

yucna Z=(X;y) Ha3bIBACTCA YHCJIO, PaBHOE by
|z2|=/X*+Y? (puc. 4).

HecnoXHO BHUIETH, YTO MOMAYJIb MIPAET YT 7774 ;Z_(x'y)
pomb  paccTostHUs.  OT  TOYKH  Z=(X;Y) 2,/
KOMIUIGKCHOW  TUIOCKOCTH  J0  Havalia
KoopauHat. [ledcTtBurensHo, X H Y — l > X

IMPOCKIKHK TOYKH HAa OCHU OX u OY . Bmecre ¢ Puc. 4. Moy KOMILIEKCHOTO
paznyc-BEKTOPOM MIPOEKIINU o0pa3zytoT yucaa |z|
PSIMOYTOJIBHBIN TPeyroybHUK (CM. puc. 4).



CnenoBaTenbHo, |Z| — UIMHA paandyc-BEKTOpa — OHA K€ TMIIOTEHY3a, a

KaTeThl UMEIOT JUIMHBL X U Y. Takum o6pasoMm, |Z| — paccrosiHue ot Z=(X;Y)

A0 Ha4dalJla KOOpAWHAT.

Tpuzonomempuuecmm ¢0pMd 3AnUCU KOMNJIEKCHO20 Hucjia

Thasenvim  3nauenuem
KOMIIVICKCHOI'O 4YHCJIa

Onpenesnenue.
apeymenma  algZz

Z=(XY) HA3bIBAETCA

IIOJIOKUTEIIBHBIM HaIlpaBJICHUEM ocH
abcuucc W paguyc-BEeKTOPOM TOYKHM Ha
KOMIIJIEKCHOM IIJIOCKOCTH.

Yron orMepsieTcs IIPOTUB  YaCOBOWU
CTPEJIKH; €CIM K€ YIroJdl OTMEpSATh II0
4acoBOM CTpeiKe, TO €CTb B OOpaTHOM
HalpaBJI€HUM, TO TakKoM yroa Oyxer
otpuriareiicH (puc. 5).

JUIs BBIYMCIIEHHUA aprymMeHTa MOXKHO
UCIOJIb30BaTh (OpMyIy, BbIOOpD CTPOKH B

yIoll  MEXIy

> X

Puc. 5.
aprymeHra
argz=g

I'maBHoe 3HAa4YCHUC
KOMIIJICKCHOT'O  4YHCJIa

KOTOPOH OIpefeNnseTcs pacloloKEHUEM TOUYKH, COOTBETCTBYIOIIEH Z=(X;Y) B

TOM WJIM MHOM YETBEPTU KOMIUIEKCHOU IJIOCKOCTH:
arctg % Z e | yemeepmu

m+arctg y, z e lunu 11l yvemeepmu

—argz= pA
@ =arg ”
2r+arctg %, z e IV uemsepmu

ApPryMEHT COOTBETCTBYET MOJISIPHOMY YTy @ .

Onpenesnenue. Apzymenmom KOMNAEKCHO20 YUCId Argz

Z=(XY)

HA3ERIBACTCId BEIWYMHA: Arg Z=argz+ 27K , rme K— IIPOMU3BOJIBHOC 1ICI0C

YHUCJIO.
IIpumep. BerunciauTe apryMeHT yucia (ZL' -3 )

Pewenue. Yucno, Kak HECI0KHO BHUIETH, PACIIOJNOXKEHO B YETBEPTOU

3

Y

1 7% 373

Teneps paccMoTpuM ciemyroiiee mpeobpaszoBanue. IlycTh €CTh TOUYKa
z=(X;y)=X+iy. BbiHeceM 3a CKOOKM MOIyJb KOMIUIEKCHOTO uucna |Z|:

yerBepTu. CleoBaTenbHo, ¢ = 27 +arctg

Z=X+1y :|Z|{%+i|—32/|}. B monspHOlt cucTeMe KOOpAMHAT C TOJSPHBIM



pagnycoM o JUIS JEKapTOBBIX KOOpJAWHAT X W Y CIpaBeMIMBO X = pCOSQ,
y = pSin@. Panee MbI y)ke OTMEYaIIH, YTO MOYJIb KOMIUIEKCHOT'O YHCIIa UTPAeT
pOJIb TIOJIIPHOTO paamyca, MI03TOMY X=pCcosp=|z|cos(argz),
y=psing=|z|sin(arg z). CnenopaTensHo,

Z=X+iy=z |{%+i%}:| z|(cosp+ising).

Onpenesenue. Hucmo Z, 3alMCaHHOE B BHJIC
z=|z|(cos(argz)+isin(argz)), Ha3BIBACTCA MPuUOHOMEMPUUECKOL  HOpMOIL

KOMNIeKCHO20 Yucna 7 =(X;y)=X+iy.

Hokazamenvnasn ¢0pM¢l 3anucu KOMNJ1eKCHO20 uucia

Jleonapmom  DiinepoM  ObUTH  TOJNy4eHBI  (OPMYJIBI,  CBS3BIBAIOIINE
TPUTOHOMETpHUYECKHE (DYHKIIMH, IMOKa3aTeIbHYI0 (YHKIIUIO H KOMIUICKCHYIO
eMHUITY: eX =CcosX+isinX u e =cosx—isinx. JlokazaTeabCcTBa Kak IepBOii,
Tak ¥ BTOpou popmyn Diinepa OyyT NpOBEACHBI HIXKE; B HACTOSAIIUNA MOMEHT
OTPAaHMYMMCS  3aMEYaHHEeM, 4YTo (COS@+ising)= .  CiemoBarenbHO,
z=|z|(cos(argz)+isin(argz)) = z|e"9’.

Onpenenenne. Ynucno Z, 3amucanHoe B Buje: z=|z|e"®9% umu z=|z|e""?
HA3bIBACTCS NOKA3AMENbHOU POPMOLi KOMNIEKCHO20 YUCTA.

3aMeTM, 4YTO BBIYMCJICHHS, IMPOBOJUMbBIC C KOMIUICKCHBIMH YHCIIAMH,
yIOOHO TIPOBOIMTH, UCTIOJNB3YS pa3HbIe (DOPMBI 3arucu Ynces. Tak, CJI0KEHUE U
BBIUATAHUE  yIOOHO  TIPOBOAWTH, HWCIOJNB3YsS  anreOpamuecKyro WM
KOOpAMHATHYIO ()OpMBI 3anucH. [[eneHne nim yMHOKEHUE Y00HEe BCETO BECTH
B [I0Ka3aTeJIbHO (popMe.

4 _ |21|e!(pl :|21|ei(¢’r¢’2)_
Z, |z,|e"2 |z,|

apryMEHTHl BBIUMTAIOTCA. [Ipy yMHOXEHHHM, KaK 3TO HECIIO)KHO YCTaHOBHUTb,

JlelCTBUTENBHO, MOJYJIM YMUCENl JENATCS, a

MOJIyJIH [IEPEMHOKAIOTCSA, @ ApIyMEHTHI OYIYT CIOKEHBI: 2,2, = 7, || z, |22,

[Ipy npeucTBUSX C€ KOMIUIEKCHBIMM YHCJIAMH IIAPOKO HCHOJIB3YETCS
oIepanysi KOMILIEKCHOTO CONPSKEHUS Z .
Omnpenesienne. Yucno z =(X;—Y) Ha3bIBACTCA KOMHMIEKCHO-CONPANCEHHBIM

qucity Z=(X;Y).
M3 cBOMCTB KOMILJIEKCHOT'O COIIPSZKCHUS MOKHO OTMCTUTD, YTO
1. 22" = zP, vx. 22 =(X+iy)(x—iy)= x> +ixy —ixy —i?y? =x*+y* = z %;
2. argz=-argz .

Onepanrio KOMILIEKCHOTO COMPSKEHUS YA0OHO MCIIOIb30BaTh MPH JACICHUU
KOMIUIEKCHBIX YHUCEIL.



. Z
JleficTBUTENBPHO, TMyCTh HYKHO BBIYMCINTH —-. M36aBuMca  oOT
Z,
KOMIUIEKCHOCTH B 3HAMEHATENIE, IOMHOXUB YHCIUTENb M 3HAMEHATENb Ha Z,:
*
L _4%5_ 1y

Z, 22 Zz |22|2-

B pesynprare HammMx AEWCTBUM MOJYYAETCS YHCIO C

BCIICCTBCHHBIM 3HAMCHATCIICM.

IIpumep. Beruncnuts

3+4i
Pewenue. I[OMHO)KaeM Ha COHpSI)KéHHOG 3HAMCHATCIO HW BBbBIIIOJIHACM
1+i 1+ 3-4i_3+3i-4i+4_7-i_7 1i (7_ 1]

ACHCTBIVL o i ~3+4i 3—4i  9+16 25 25 25 |\25° 25/

1. Bonpocsl AJisi CAMOKOHTPOJIA:

1. YTo Takoe KOMILIEKCHAs TIOCKOCTh?

2. Kak MoeT ObITh OTMEUYEHO YMCJIO HA KOMIUJIEKCHOM TIOCKOCTH?

3. Uro Takoe MHUMAasi U JIEUCTBUTENIbHAS YacTU KOMILIEKCHOTO yucia? Kak
OHH 0003HA4ArOTCS?

4. Kak MOXHO BBIIOJHATh apUPMETHUYECKUE ACHCTBUSA (CIOXKEHUE,
BBIYMTAHUE, YMHOXEHUE, JICJICHNE) C KOMIUIEKCHBIMU YUCIaMu?

5. Kakoe uncio Ha3bIBaeTCsi KOMIUIEKCHON €TMHULICH?

6. Uro Takoe wMoOmynb KOMIUIEKCHOTO 4uucia? UYTo Takoe apryMeHT
KOMILIEKCHOTO unciia? Kak 5Tu MOHSITUS CBSI3aHbl ¢ KOMIUIEKCHOM MJIOCKOCThIO?

7. YTo Takoe KOOpAMHATHAS 3alliCh KOMIUIEKCHOTO Yucia?

8. Kakas 3ammch KOMIUIEKCHOTO 4YMCIIa HasbIBaeTcs anreOpanueckoit? Kak
CBsI3aHA KOOPJMHATHAS 3alMUCh KOMIUIEKCHOTO YKCTIa C allreOpanyeckom?

9. Kak nomy4uuTh MOKa3aTeIbHYIO 3aITMCh KOMILIEKCHOTO Yucia?

10. Yro Takoe TpuroHoMerpudeckas popma KOMILJIEKCHOTO Yucia?

2. Boinosinute apudgmMeTudeckue JeiicTBUA ¢ KOMILUIEKCHBIMH YUCJIaMH
U M300pa3uTe X HA KOMILIEKCHOM MJIOCKOCTH:

1. 2,=(32), z,=(-3) 2_21:(_J§;3), 3. z1 (7;2),
=(-3,\5) L-2¢?)

,0,7)

1, JL21; 2,3

H
Il
[
N
[EN
SN—
/—\
l\)IH

4. 7, =(-¢€;2r), 5. 7
-2 :

3. Boruucaure MOay/ib U apryMEeHT KOMILJIEKCHBIX YMCeJl, 0TMeTbTe MX
Ha KOMILIEKCHOM mjockocTu. IlpeacraBpre 3TH 4HC/Ia B MOKAa3aTeJbHOU

dopme:




7.2=(12);

8. z=(l;—J§);

9. z=(\/§;—1);

10. z :(—ﬁ;—l);

11. z:(l;—\/§);

12. z=(1;-1).

Ilpumep. Jlaner dmcma B moKazaTenbHOM — dopme.  Mcmomb3ys
TPUTOHOMETPHUUECKYIO 3aIUCh, IEPETHIINATE X B KOOPAUHATHOU (opMe.

Pewenue. 1lycTte nmano uucio: z2=2 exp[—%ﬂij. [IpencraBum ero B

anrebpandeckorr Qopme. Jlns sToro Bocmodbdyemcs GopMynoil Diinepa u

peICTaBUM MOKa3aTeIbHYIO bopmy B BUJIE:

z= z|exp(ip)=|z|{cosp+isinp} =|z|cosp+i|z|sing. [lanee, ucronb3ys CBA3b
anredpanveckoi U KOOPAUHATHOU (POpM, MOTyUnM:

z=|z|cosp+i|z|sing =(|z|cos ¢;|z|sing) .

B wmamem mnpuMepe |zZ|=~/2, apryment ¢= —%7[. CrnenoBatelbHO,
H0JIb3YSCh (OPMYJION 17151 pacyE€TOB, OJIYYaeM, YTO

z=(|z|cos g;|z|sin ¢)=(«/§c05(—37”];ﬁsin(—37”jj =[ﬁ(—§}ﬁ(—gn =

=(-1-1).

4. HaliguTte MOAYJb W apryMeHT KOMIUIeKCHbIX umces. IlpeacraBbre

3aJaHHbIC YHCJIA B KOOPAMHATHOM M ajredOpanyeckou popme. U3o0pasure
YHMCJIA HA KOOPAMHATHOM IVIOCKOCTH:

iz . s —iZ
13. z=¢"; 14. 2=¢2; 15. 2=¢ 2;
iz _jdrn iz
16. z=+/2e 4; 17. 7=2¢ '3 : 18. 7=+/3¢'6.
5. BbInoJiHUTE JIeJIeHHe B KAXK/IOM M3 CJIy4aeB:
1-i . J2 +i i++/3
19. -, 20, ———; 21. ;
—/3+i 142’ e
20, L ISI. 23. 1 24, 11
Ir—2 | —1+i

TeM HEC MeHee, HpOHle BBIIIOJIHATh JACJICHHUC WU BO3BCIACHUC B CTeHeHB,
UCIIOJIB3YsI OKA3aTeNbHYI0 (hOpPMY.
(L1)
(—V3:1)
Pewenue. JIna peumieHus 5TOM 3ajadyd IEPEeBEIEM KOMIUIEKCHBIE 4MCIa
YUCIIUTECIIA U 3HAMCHATCIIA B HOKaBaTCJILHyIO (I)OpMy:

Hpumep. [logenuts uncna
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T _ V2e't _2 .ei%_i%ﬂ - Q.ei%‘i% = Q.e_i% :

Takum oOpa3om, Bce 1eCTBUS ObLTU MPOBEACHBI C TTOKa3aTeIbHON (HOpMOii.
OcTanoch TOJNBKO MEPEBECTH MOKA3ATEIbHYIO (POPMY B areOpandecKyro:

(11 —Q.e“?g=ﬁ(cosf”j—isin(5”D=£.5+£ 2 5-1

2 8 2 4

(~B1) 2 2

12
IIpumep. Bo3sectu ynciio B 60JIbIITYIO CTENEHBb, HAIPUMED, (J§;l) :

12

12

i
Pewenue. Tlepeiiném k mokasatenbHOU ¢dopme. (J§;1)=2e'6. [TonyuenHnoe

YHUCJIO HCCJIOXHO BO3BCCTH B ABCHAAUATYIO CTCIICHb, HC HpI/I6eFa${ K
YTOMUTCIIbHBIM BBIYUCIICHUAM:

i \12 iz .
(v3:0)* :[2e'6] = 212.¢"'6 = 4096627 = 4096 cos (27) +isin (27)) = 4096.

6. BeimosiHuTeE /1€JIeHHE, MCMOJIb3YH MOKA3aTeJbHYI0 hopMmy:

1-i . i+/3 1
25 —— 20. : 27. =;
—J3+i J3-i |

28. (1-i)°; 20. (—B+i) 30. (-%-?i}zo.

Kopnu anzeopauueckux ypaenenuii

[locnennuii TMN 3aJa4 TaHHOW TE€MBI — BBIYMCICHHE KOPHEW YpAaBHEHHIA.
3necb HEOOXOOUMO YUYHUTHIBaTh, YTO APTYMEHT KOMIUIEKCHOTO 4YHCJa, BOOOUIE
roBopsi, Bcerjga  «OojbIIO», TO  €cTh  ompeaensercs  (popmyoit

Argz=argz+2zn, neZ ,rue HOMep N MOXET OBITh JFOOBIM LIEIBIM YHUCIIOM.

Boruncnenne KOpHS COOTBETCTBYET YMHOXKEHMIO IOKa3aTelsi CTENEeHH Ha
COOTBETCTBYIOIYIO CTENIEHH KOpHS ApoOb. [Ipu 3TOM Oka3bIBaeTcs, YTO pa3HbIM
3HaYeHUsIM HOMepa N OyIyT COOTBETCTBOBATh Pa3HbIE KOPHHU.

Ipumep. Pemmre ypasrenue: 2°=-1.

Pewenue. Tlepeiiném B mpaBoil 4acTH ypaBHEHUS K MOKa3aTelbHOU (Qopme:
—1=¢'", a ¢ yuérom GombIIOro aprymenta: —1= e 3",

B pe3yInbTare 10Jly4aeM ypaBHeHue: Z° = g7 2,

M3BIeKaeM KOpeHb. Z =472 = e%ﬂ% .

3aMeTuM, YTO ypaBHEHHE OBLIO TPEThEHl CTENEeHH, CIIEAOBATEIbHO, KOPHEH
Ooynetr toxe Tpu. Kaxkmomy u3 kopHed OyaeT COOTBETCTBOBATh TOT WJIM HHOU
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HoMep N. [losTomy 1enecooOpa3Ho B3SITh TPU MOAPAN UIYIIUX JIFOOBIX LEJIbIX
yricia. Mbl BO3bMEM ¢ 3T0# 1eibio yucia N=0,1 2 u monydum Tpu KOpHS:

iZ4j2zn iZ .. .
Z,o=€3% 3 :e3:cos(%j+|sm(%j:%+|§.

]:COS(ﬁ)+iSin(7r)=—l.

iZ,j27n i| 247
z,,=€3 3 :el(3 3]:003(5—”j+isin(5—”j:—l—i£.

n= o 3 3 2 2
7. Peliuth YpaBHeHMs, HaliJisl BC€ KOPHU:
31. 22-1=0; 32. 24-16=0: 33. 22+z+i=0;
34. 7*+22-2=0; 35. 23:%; 36. 22=(1;J§).

Onpenenenne. [lycts ecTh HEKOTOpOE KOMIUIEKCHOE YHCIO Z, — Hapa
BEIICCTBCHHBIX YUCEN X M Y, KOTOPYIO MBI MOXEM IPEACTaBUTh TOYKOW Ha

KOMILJIEKCHOM TIOCcKOoCcTH. E€ & -oxkpecmnocmvlo Ha30BEM MHOXKECTBO TAKUX
yucen Z, 4YTo OYIyT YAOBIETBOPATH YCJIOBHIO: MOIYJIb PAa3HOCTH MEXKIY
YHCIIaMH Z, U Z MEHbLIE, 4eM yuciio & > 0: |Z - ZO|<5.

Takoe MHOXecTBO mpeacTaBisieT co0OW Kpyr C LIEHTPOM B TOYKE Z, U

paauyca &, U3 KOTOPOrO BBIOPOILIEHA OTrPaHWYMBAIONIAS €r0 OKPYKHOCTb.
[IpumMep & -OKpeCTHOCTH NMPUBEAEH HA PUCYHKE 6.
Onpenesenue. [Tyctb €CTh HEKOTOPOE 7 4
MHOKECTBO TOYEK KOMIUIEKCHOM Tuiockoct E. €
Touky z Oynem cuuTaTh 6HympeHHel MOUKOU IMO20
MHOJCECmBa, €CIIN €CTh TaKas & -OKPECTHOCTh TOYKH %
Z, 4TO BCE TOYKH U3 3TON OKPECTHOCTH MPUHAJIEKAT
MHOXecCTBY E. -
HecnoxxHO onpenenuTs BHEIIHIOK W I'PAaHUYHBIE
TOYKH: BHELTHEN OyJET TOUKA, y KOTOPOU CYIIECTBYET
Takasi &-OKPECTHOCTb, YTO BCE TOYKH U3 ITOU
OKPECTHOCTU MHOeCTBY E He mpuHamyiexar, a rpaHUYHasi — Takasl TOYKa, YTo
B JIIOOOM €€ OKPECTHOCTH €CTh KaK TOYKH, MPUHAJJIeKAIINEe MHOXKECTBY E, Tak
U He NpuHaiexkanme MHokecTBy E. COOTBETCTBEHHO, I'paHuIla MHOXeCTBa E
— MHOXeCTBO OE — COBOKYITHOCTh BCEX MPAaHMYHBIX TOUYEK MHOKecTBa E .
Onpenesenue. MuoxxectBo D HaspiBaeTcs obiacmoio, eciu:
1. Kaxxz1as Touka 3TOro MHOXKECTBA — BHYTPEHHSA
2. JIroOble nBe pasnUyHblE TOYKM 2z, U Z, OTOrO MHOXKECTBA MOKHO

Puc. 6. & -okpecTHOCTh

COCIMHUTDH JIOMAHOUW JMHUEH, LEeTUKOM MpuHaIexKamer Mmuoxectsy D (310
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CBOMCTBO MPHHATO HAa3bIBaTh OJHOCBA3HOCTHIO oOsactu D). B mpotuBHOM
cirydae 00J1acTh Ha3bIBA€TCsl HEOTHOCBSI3HOM (pHc. 7, 8).

A A
/ -~
T~ / AN
/ ~ 219\
) Zq N | 1/
L A\ - E
\ /
~ o - 22 ) L —2/\
-
Puc. 7. OnHoces3Hasg 001aCTh Puc. 8. Heoguocss3nas 001acTh

Jlanee Ham notpebyerca samkuymas obnracmby D : 310 obmacts D ¢
nobasyieHHON Tpanutieit oD .

O6mactu MOTYT OBITh ocparuueHubiMu (TO €CTh TAKUMHU, YTO CYIIECTBYET
KpyT KOHEYHOTO Paanyca, BHyTPU KOTOPOTO 00JIACTh IMMOMEMIACTCS I[ETHUKOM) H
Heo2paHUyeHHbIMU — TO €CTh TaKUMH, YTO HE CYIIECTBYET Kpyra KOHEUHOTO
panuyca, B KOTOPOM 00JIacTh yMecTHiIach Obl menukoMm. Hampumep, 310 — Bes
KOMIUIEKCHAsSI MJIOCKOCTb.

Meb1 pganee Oynem 3amaBaTh (yHKIUIO OO0 Ha obnactu D, nubo Ha
3aMKHYTOM ob6nactu D .

Wtak, QyHKIUS KOMIIEKCHOTO mepemMenHoro f (Z) CTaBUT B COOTBETCTBHUE

OJIHUM KOMIIJIEKCHBIM YHCJIaM B COOTBETCTBUE JAPYIME€ KOMILUICKCHBIE YHCIIA.
OTO0 3HAUUT, YTO (PYHKLHMA JOJDKHA 3a/1aBaTh KaK YUCTO MHUMYIO YacTh 4YMCIIa,
TaK U YUCTO BeLIECTBEHHYIO. [loiydaercs, 4yTo B (PYHKIMM KOMIUIEKCHOTO
NEPEMEHHOT0 MOXKHO  BBIACIUTH JB€ (PYHKIMU: OJHA OTBEYaeT 3a
BEIECTBEHHYIO YacCTbh IOJIY4arOLIErocs KOMIUIEKCHOIO YHCIa, BTOpas — 3a
MHHMYIO 9aCTh KOMIUIEKCHOT'O YHCJIA.

O003HaYMM BEIIECTBEHHYIO YacTh (PYHKIMU KOMIUIEKCHOTO MEPEMEHHOIO
f(Z) KaK u(x,y) — BEIIECTBEHHYI0 (DYHKIMIO [JBYX MEPEMEHHBIX,

u(x, y) =Ref (Z), a MHUMYIO — V(X, y) — TO€ BEIIECTBEHHYIO (DYHKITUIO IBYX
MIEPEMEHHBIX, V(X, y) =Imf (Z) B pesymbrare (QyHKIMS KOMIUIEKCHOTO
MEPEMEHHOTO MOJKET OBITh MpEJCTaBICHA KaKk CyMma €€ BEIICCTBEHHOU H
munmol wacreit: f(z)=u(x,y)+iv(x,y).

3anaB pynkiuio f (Z) B HEKOTOpoH obnactu D, MBI mOTyduM MHOMXECTBO

sHaueHnit G aroit GyHKIMK, WK Beskas Touka Z€ D Oymer orobpaxena Ha
HEKOTOPYIO TOUKy W MHOXkecTBa G .

B 3aBucumoctu ot TOro, kKakum Oyaer MHOXecTBO G, MOXKHO OmpeneuTh
cBoiicTBa 3TOr0 OTOOpaxkeHusi. Ecim cpemu uucen G HET OJMHAKOBBIX, TO
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TOBOPST, 4TO (PyHKUHUA f(z) ABJISIETCSl OHONMCTHOM B obmactu D. B stom
clly4ae Mbl MOKEM ONpPENeNTUTh U O0paTHYI0 QYHKIHIO: Z = (D(W). Cnenatb 310

MO’KHO Tak: pa3 y Hac €CThb YHUCJIO Z M COOTBETCTBYIOLIEEe eMy W, U cpeau W
HET COBIAJAIOLINX, TO HECIOXXHO OIpPENeNIUTh U 00paTHOE OTOOpakeHue: W
COOTBETCTBYET TO C€aMoO€ 4YHMCIO Z, KOTOpOMY IpU  OTOOpaKeHUHU
COOTBETCTBOBAJIO W.

Omnpenesienune. OyHkuus f(Z) Ha3bIBAETCS oO0Hoaucmuou 6 ooracmu D,

€CJIM B Pa3HBIX TOYKAX 3TOH 001aCTH OHA IPUHUMAET PAa3HbIC 3HAUYCHHUS.
ITpuBeném npumMep (GyHKIUHU, KOTOPas HE SBJIAETCA OJHOINUCTHOM.
Ipumep. W= 2z°. HeclioXHO BHETh, YTO HA BCeil KOMILIEKCHOH TIIOCKOCTH
3Ta (YHKIHA OJHOJMCTHA He Oyaer. JIelCTBHTENBHO, BO3BMEM [Ba Pa3HBIX
qucia KOMIIIEKCHOM IUIOCKOCTH. Zz,=—I WM Z, =+i. HecnoxHo Buaers, 4rTo

-\2 -\2
2,#2,. Ho w=2z'=(-i)=-1 n w,=2j=(+i)'=-1 - cosmagaior,
f(z)=f(z,). Takum 0Gpa3oM, Mbl HAIJISIHO NOKA3AIM, 4TO QYHKIHS W= z°

Ha BCEIl KOMILUIEKCHOM TJIOCKOCTH HE OYJIeT OJHOJUCTHOM.
OnHako y HEOJHOJUCTHOM (YHKIMU HEOJHO3HAUYHOCTH MPOSIBISCTCS B
JIOCTATOYHO HEOOBIYHO. UTOOKI €ro MpOWLITIOCTPUPOBATH, CACIAEM CIICTYIOIIEE:
Bo3bMEM TOYKy Z=0 Ha KOMIUIEKCHOW IUIOCKOCTH Z, M OKDPYKUM €&
3aMKHYTBIM KOHTYPOM — CKa)KeM, OKPY>KHOCTBIO paauyca 1 (puc. 9).
Bribepem st Havanma JIBWDKCHHSI TOYKY A
z=(1;,0) — oHa Ha pUCYHKe OTMe4eHa HeGOIBIIIM

KPECTUKOM — M OyJeM JBUIaTbCsl U3 3TOW TOUYKHU v/ \

IPOTUB YaCOBOW CTPEJIKE II0 OKPYKHOCTU. B 1
KOKJI0M HOBOM Touke OyaeM paccMaTpUBaTh
apryMeHT (QyHKUHUU. -1

Ectu B touke z=(L0)  aprymenr Prc. 9. OBX07 KOHTypa 110
argw=argz’ ObI paBeH HYMO, TO B TOUKE OKPYXKHOCTH panuyca 1

z=(0;1) aprymenr Oymer argw=7, B Touke z=(-10) argw=27z, B TOuKe
z=(0;-1) argw=37z, a xorxa Mbl noxoiaém BHOBb K Touke Z=(0;1), TO

aprymeHT OyneT paBeH 47 . DTO 03Ha4aeT, 4To 00O I BKPYT TOUKY BETBJICHUS,
MBI TIOJyYUM CKauOK aprymMeHTa (QyHKUWU. 3aMeTHM, YTO €ClId BHYTpPb
3aMKHYTOTO KOHTYpa TOYKa BETBJICHHs HE NOMAJAET, TO U CKAYKa apryMEHTa He
Oyner. B oatom gerko yOemuThcs, 000iAsS MO 3aMKHYTOMY KOHTYpPY
POU3BOJIBHON (POPMBI JIF0OOYIO U3 APYTHX TOUEK MIOCKOCTH (KOHTYP HE JTOJKEH
BKJIIOYATh Hayaja KOOPAMHAT, T.€. TOYKH BETBJIEHHUs). Touky, mpu o00Xxone
KOTOPOM apryMEHT UCIBITHIBAET CKAUYOK, HA30BEM MOUKOU 8eMENEHUSL.

UtoObl  u30€kaTh  HEOJHOJIMCTHOCTH  (YHKIIMH,  pa3leiiM  BCIO
KOMIUIEKCHYIO IJIOCKOCTh Ha JIBE YaCTU: CKaKE€M, BEPXHIOK IMOJIYINIOCKOCTh U
HIDKHIOKO TOJYIIOCKOCTh. B 3TOM cilydyae B KaXJI0Hl M3 JABYX IOIYYEHHBIX
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o 2
HEOTPAaHMYEHHBIX oO0nacTel 1 (QYyHKIMM W=Z° MOXKHO TIOCTaBUTh B
COOTBETCTBHE O00paTHyIO0 (yHKIMIO. B BepxHel MOIyIIOCKOCTH 3TO OyJner

W=7 , B HOKHEW — W = —Jz.9m (YHKIIMHM HAa3bIBAIOTCS 8emesamu (yHKyuu,
oGparHoit 7°.

Onpenenenne. Eciin 11 TOYKM Z, MOXHO YKa3aTh TaKyl0 & -OKPECTHOCTD,
4TO MPH OJHOKPATHOM O0XOJ€ TOUKU Z, IO JI0O0OMY 3aMKHYTOMY KOHTYpY,

LEJIUKOM JIeKallleMy B O3TOM & -OKPEeCTHOCTH, OJHA BETBb MHOTO3HAYHOM
(yHKIUM NEpEeXOIUT B APYTYIO, TO TOUKA Z, HA3BIBAECTCS MOUYKOU PA3GEMBIIeHUS.
(6emenenus) hynkyuu.

Tenepp paccMorpum  dyskumu  U(X,y) u V(X,y). OHu sBIsEOTCS
OOBIYHBIMU BEIIECTBEHHBIMU (YHKIUSAMH JBYX BEIIECTBEHHBIX IEPEMEHHBIX.
Torma oHM 00y1a1alOT U BCEMH CBOMCTBAMM BEIIECTBEHHBIX (DYHKIMA —
HaIlpUMeEDP, HEMTPEPBIBHOCTHIO U U PEepEeHINPYEMOCTHIO.

CnemoBaTelIbHO, MOKHO IIOMBITATECSA HCIOIL30BAaTh ATH CBOMCTBA, YTOOBI
MOJIYYUTh CBOMCTBA (PYHKIIMU KOMIUJIEKCHOTO TIEPEMEHHOTO.

CkaxxeMm, TI0 CBOMCTBY HEMPEPHIBHOCTH (QYHKITHS JBYX IMEPEMEHHBIX F (X, y)

HenpepbiBHA B Touke M (XY, ), ecm F(Mg)=A, rae A — Hekoe uncio, u
mis 1060H  mocnenoBatensHoctH Todek  {M,}— M coorBercTByrOMIas

nocneoBarenshocTs  3uauennii  {F(M )} —>A. Ha ocuoBammn toro

OTIpEJICIICHHS] HECIIOKHO OIPEACIIUTh HEMPEPHIBHOCTh (PYHKITUU KOMITJIEKCHOTO
NIEPEMEHHOTO.
Onpenenenne. Oyukius f (Z) Ha3bIBACTCS HeNpepbi6HOl 6 MouKe Z,, €CIH

f(z,) ompemeneno, u Ve>0 35>0, takoe, uro Vz: 0<|z—7)|<&
BBITIOJIHEHO ‘f(z)— f (Zo)‘<g.

HecnoxxHo poka3aTh yTBepKIEHHE: eclu (YHKIHH u( :

y) u v(xy)
)

X
HENpepbIBHBI B HEKOTOPO# Touke M, (XO; yo), To 1 Qpynkuus f (Z HEIpephIBHA

B TOUKE Z, = X, +1Y,.

Tenepr pemmM Bompoc o TnpousBoaHOM GyHkuu. IIpencraBnsercs
pa3yMHBIM B3SITh U MEPEHECTH Ha (PYHKIUU JBYX MEPEMEHHBIX OIMPECICHHE
MIPOU3BOJHON, BBEAEHHOW Mg (YHKIMUA OJHOTO MEPEMEHHOTO: MPOU3BOIHAS
€CTh Tpeesl OTHOIICHUS MpupameHus GyHKIUA K MPUPAIICHUIO apryMEHTa,
KOTJ[a IpUpalleHue apryMeHTa CTPEMUTCS K HYJIIO:

. F(X+Ax)—F(x
F'(x)=Ilim ( )=F( )
Ax—0 AX
Onpenenenne. Ilycte  dynkuma  f(z) onpemenena B HexoTOpOIt

OKPECTHOCTU TOYKU Z. [Ipou3600HOU @HYyHKYuu KOMNIEKCHO20 NEPeMEeHHO20
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f(Z) Ha3bIBACTCS TIpelesl OTHOIICHUS f'(z): lim f(Z+AZ)_f(Z) u

Az—0 AZ
df (z)
dz
COOTBETCTBEHHO, €CJI Y (PYHKIIMHM €CTh MPOU3BOJIHASL, TO OHA HA3bIBACTCS

oughgepernyupyemoii.
Omnpenenenne. Ilycts ¢ysxums f(z) onHosHauna B Touke Z, o

ob6o3nauaetrcs f ’( z) WU

muddepennupyema B 3Toil Touke. Torna oHa Ha3bIBACTCS AHAMUMUYECKOU 8
mouxe Z,.

Onpenenenne. Econ ¢ynkiusa f (Z) SIBJISICTCS AHAJUTUYECKOM BO BCEX
Toukax obmactu D , To oHA Ha3BIBaeTCS anarumuyeckol 6 ooracmu D .

Teopema. Eciu dynxuus f(z)=u(x,y)+iv(X,y) muddepenuupyema B
TOYKE Z,=X,+1y,, TO B 3TOW TOYKE CYIIECTBYIOT YacTHbIE IPOU3BOJHBIC

byHKUIMIA u(x,y) 51 v(x,y) [0 TEPEMEHHBIM X W Y, W BBIIOJHEHBI

COOTHOLICHMU .
ou oV
—(M,)=—(M,),
o (Ma) =5 (M)
oV ou
—(M,)=——(M,).
o (Ma)==2 (M)

OTH yClnoBUS Ha3bIBAOTCA yenosuamu Kowu-Pumana.

Jloxazamenvcmeo: YcTpeMUM B omnpeiesieHuH npeaena Az k Hynro. MoxxHO
BCIIOMHUThH, 4TO AZ — KOMIUIEKCHOE YHCJIO, TO €CTh, Ha CaMOM Jiefie, mapa
BEIIIECTBEHHBIX YHMCEJ. 3HAYUT, Mbl MOXXEM JBUTATHCS K HYJIO, HallpuMep, Mo
YUCJIaM YUCTO MHUMBIM (TO €CTh C HYJIEBOM BEIICCTBEHHOM 4YaCThlO) WJIU TIO
YHUCJIaM YUCTO BEIIECTBEHHBIM (TO €CTh C HYJIEBOM MHUMOM YacCThIO).

JIBroKeMCsl CHaJala 10 4HCTO MHUMBIM umciaam: Az =iAy. Torma mpemen

IIPpUMCT BHUIO:

f(z+Az)-f(z) f(z+éz)—f(z)

f,(Z)ZETO Az :AUTO IA B
y

him (u(x,y+Ay)+iv(x,y+Ay))-(u(x,y)+iv(x,y))

_Ay—>0 |Ay )

Pa3o0béM mosyueHHOE BBIpKEHHWE HA JBE YacCTU: OTACIHLHO MHUMBIC
BEJIMYUHBI YUCIIUTEIISA, OT/ICJIBHO — BEIIECTBEHHBIE.
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(u(x,y+Ay)+iv(x,y+Ay))—(u(xy)+iv(xy))

(o)t » :
i (U(x,y+Ay)—u(xy))+i(v(x,y+Ay)-v(x,y)) _

Ay—>0 TaYY
L u(x,y+Ay)—u(x,y)+ - i(v(x,y+Ay)—v(x,y)).

i Ay—>0 Ay Ay—0 IAY

Kax b1 u3 mpeaenoB HECI0KHO HAWTH:

Ljm W0y AY) “u(xy) Ly Au_ o

| Ay—0 Ay i ay-0 Ay B oy ’
(V(X,y+Ay)—-V(X,
fim (VOO TAY) V(%)) Ay v
Ay—0 iAy -0 Ay Oy
OxonuarenbHO nosrydaeM: f'(z) ——Ia—u+%.

Tenepb 6y,Z[CM ABUT'aTbCA 110 YMCTO BCIICCTBCHHBIM M CJIaM:

f(z+Az)-f(z) f(z+Az)—f(z):

f'(z)=lim = lim
Az—0 AZ Ax—0 AX
_ Iimo(u(x+Ax, y)+ iv(x+A>Z y))—(u(x,y)+iv(x, y))
AX— X

Pazo0ném IIOJIYUYCHHOC BBIPAKCHHUC HA ABC 4YaCTHU: OTACIbHO MHHMBIC
BCIINMYMWHBI YUCIIUTCIIA, OTACIBHO — BCIICCTBCHHBIC.

(u(x+AX, y)+iv(x+Ax,y)) = (u(xy)+iv(x,y))

f’(z):AI)i(TO AX -
m (u(x+Ax,y)—u(x,y))+i(v(x+Ax,y)—v(x,y)):
Ax—0 AX
=Iimu(X+AX’y)_u(X’y)+ilim v(x+Ax,y)—v(x,y).
Ax—0 AX Ax—0 AX
lim u(x+Ax,y)—-u(xy) _ i AU _du
Ax—0 AX Ay—0 AX 6)(
Iimi(v(x+Ax,y)—v(x,y)) i AV _ oV
Ax—0 AX Ax»OAX 5)(
OkonyaresnbHo monydaem: f'(2) _G_UHQ
oX  OX
Msbl nosyuunu s OJHOM M TOW K€ NPOU3BOAHOM JBA BBIPAXKCHHUS:
f'(Z):a—u+i@ u f'(z)= _|8_u+@ Tax xax Qynkuus aupdepeHumpyema,
oX  OX oy oy
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u .ov .ou ov
TO nu BBIPpAXKCHHUA  JOJIKHBI 6BITB OJVHAaKOBBI. —+l—=—1—+—
X  OX oy oy
ou ov
HpI/IpaBHI/IBaH OTACJIBHO BCUICCTBCHHLIC U MHHUMBIC YaCTH, IMIOJAYyYaCM: — =-—
X 0y
u iav = iau OTKyZa v__ TO €CTb — YTBEPIKIACHUE TCOPEMBI
ox oy’ x oy '

Utak, ecnu Qyskius auddepennrpyema, To s HeE€ BEPHBI YCIOBUS
Komm-Pumana. CripaBeisiuBo 1 00paTHOE yTBEPK/ICHUE:

Teopema. Eciu B Touke MO(XO; yo) byHKIIUN u(x, y) U V(X, y)
muddepeHurpyemMbl, a UX TPOU3BOAHBIE CBSI3aHbl COOTHOLIEHUsAMH Komm-
Pumana, To ¢ynkuus f (Z) = u(x, y) + iV(X, y) aBisieTcst AugdepeHunpyemMon
(pyHKIMEN KOMIUIEKCHON IIEPEMEHHOMN Z B TOUKE Z; = X, +1Y,.

JloKa3aTeJIbCTBO TEOPEMBI MOYKHO HAHTH B [6].

1. Bonpocsl AJ1s1 CAMOKOHTPOJIA:

1. Yrto takoe oOnacth? UeM oTiamyaeTcs 3aMKHyTasi 001acTh OT 00acTu?
Kakue o0nacTu Ha3pIBalOTCS] OTPAHUYEHHBIMU ?

2. UYrto Takoe MHHMasi M JIEUCTBUTENIbHAS YaCTU (PYHKIMU KOMIUJIEKCHOTO
nepemeHHoro? Kak onu 0603HauaroTCs?

3. Kak MOXHO BBITIONHATH apumeTHdeckue AeUCTBUS (CIOXKEHHE,
BBIYUTAHHUE, YMHOKCHHUE) C KOMIUIEKCHBIMU YUCTaMU?

4. CdopmynupyiTte MOHATHE OJHOIUCTHOCTH.

5. [IlpuBenure mpumep HEOAHOIUCTHON PYHKITUH.

6. Uro Ha3pIBaeTCA TOUKOUN BETBICHUS QyHKIIUNU?

7. Yro Takoe mpou3BoHAs PYHKIUU KOMIUJIEKCHOTO aprymeHTa?

8. Hammmmre dopmyny Komm-Pumana. CdhopmynupyiTe yCIoBHS
TEOPEMBI.

9. Ecnu ¢ynkuusa nogunnsercs ycnoBusMm Komm-Pumana, To Oyner mu y
oHa nuddepenupyema?

2. YKaKkuTe MHOKeCTBA HA KOMILIEKCHOM MJIOCKOCTH, MOCTPOIiTe NX:

Z+3
IIpumep. Ykaxxure MHOXKECTBO, 3a/laBaeMoe HepaBeHCTBOM |mM——<1.

Z—1
Pewenue. BellloIHUM feJI€HUE:

z+3_x+iy+3_(x+3)+iy_(x+3)+iy.x—i(y—l)_((x+3)+iy)-(x—i(y—1))
z—i  x+iy—i  x+i(y-1) x+i(y-1) x-i(y-1) x2+(y—1)2
OTKpoeM CKOOKH B YHCIIUTETIE:

((x+3)+iy)-(x=i(y-1)) x(x+3)+y(y-1)+i(xy—(y-1)(x+3))

X2 +(y—1)° X2 +(y—1)°
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Brrauciasem MHHMYIO 9aCTb HCPABCHCTBA!

243 N X(x+3)+y(y-1)+i(xy—(y-1)(x+3)) (xy—(y—l)(x+3)).

Im - =
Z-i X2 +(y—1)° X2 +(y-1)°
B Ly =(y=1(x+3))
pe3yJIbTaTe MOIy9aeTCsl BEMIECTBEHHOE HEPABEHCTBO: —=<1.
x*+(y-1)
B sToM cooTHOIIEHNHN y,HOGHO OTKPBITb CKOOKH:
xy—(y—l)(x+3):xy—xy+x—3y+3_ x=3y+3 _,

X2 +(y-1)° X2 +(y—-1)° _x2+(y—1)2
YMHOXUB 066 qaCTu Ha 3HAMCHATCIIb, IMOJIy4YUM COOTHOIIICHHUC:
Xx—3y+3<x*+(y- 1)2 . OtkpelBag  CckoOKM B HEM,  IIOJIydYaeM:
X—3y+3<x?+y>—2y+1, u gamee: 2<x°—Xx+y’+y. B nauHOM

COOTHOIIICHUH HCCJIIOKHO BBIACIIMTH MOJTHBIN KBaJpaT, U B pC3yJIbTATC ITOJTYyYHUM:

(-] (3]
—<|x==| +|y+=1|.
2 2 2

1 1 3
OTO — BHEHIHOCTh KpyTa ¢ HEHTPOM B TOUKe M, 273 pamuyca R = 5"

2. IlocTpoiiTe JIMUHUH, 32JaHHbIE COOTHOILIEHUSIMH

37. |z-i|=1; 38. Rez>3; 39. Imz < -5;

40. 0<Re(i’z) < 7; 41. argz =" 42 ReZ=1_3;
4 Z+Ii

43. Rez+Imz=3; 44, %<arg(z—i)<%; 45. |z-i|>|z-1.

3.3amana yactb (yHKHUM (BelmlecTBeHHAass wiM MHumasi). Haiinure
APYIYI0 €€ 4acTh, MOJIb3ysACh ycaoBuaMu Komu-Pumana.

Mpumep. Paccvotpum  dyHkmmio  u(X,y)=x’—y?, sBIAIOLIYIOCS
BCII[ECTBCHHONW YacTbI0 HEKOTOPOW (PYHKIIMM KOMIUIEKCHOTO TEPEMEHHOTO:
u(x, y) =Re f (Z) N3BecTHO, 9TO (DYHKIMS yIOBIECTBOPSET YCIOBUSIM TEOPEMBI

Kom-Pumana. Haiitu camy dynkmuio f (Z)

ou ov
ox 0y -
Pewenue. Bocrionb3yemcs ycnopusmu Komm-Prumana: 5 U Hanném
v u
X oy
ou ou 0/,
—, YUUTBIBAs, YTO MPOU3BOJHAS — YACTHAS: — = —( -y ) =2X. Ucxons u3
OX oX  OX
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. ou ov ou
ycnoBui Komm-Pumana, nmoirysaem: — =—, CI€QOBATENbHO, — = — = 2X

ov
ox oy ox oy

UnTerpupyeM 1o Y, moaydaem: V= J 2x0y = 2xy +q(x).
Hama 3ana4a tenepb — Haiitn yHkumio ((X). Uit 3TOro BOCIOIb3yeMes

ou

. ov
BTOPBIM COOTHOILIEHHEM YycinoBui Komm-Pumana: 6—:——. [Toncrasisem,
X

0
NOJlyduM B pe3yybTare: 8_\/ =2y + q’(x). C npyroii  CTOpPOHBI,
X

ou 0
—— :——( 2 y2) =2Yy. Tak KaKk 3TH BbIpaXEHUS JOJKHBI ObITh PAaBHBI, TO

oy oy

IOJIy4aeM, CpaBHHBAS: §V:2y+q’(x):—%:2y, w2y +0q'(x)=2y,
X

OTKyJa q’(x) =0. CremoBaTeibHO, q(x) =0.

Takum oOpa3om, MBI modydaeM QYHKOHIO V=2Xy, a cama QyHKIUSI
f(z)=x*—y*+2ixy.

[IpuBenéM mMoMydYEHHBIN pe3ynbTaT K OOBIYHOM (PYHKIIMU KOMILIEKCHOTO
MePEeMEHHOTO:

f(z)= (x2 + ixy)—(y2 - ixy) =Xx(x+ iy)—(—(iy)2 - ixy) =Xx(x+ iy)+((iy)2 + ixy) =
= X(x+iy)+iy(iy +x)
3ameTuM, 4TO X+ 1y = Z |, IOIyuum:
f(z)=x(x+iy)+iy(iy+x)=xz +iyz =z(x+iy)=1z"
4. lana BemecTBeHHas U(X, Y) WM MHUMAasA V(X, Y) 4acTb pyHkuun f(z).
Haiitu, noas3ysicb cootHomieHussMu Komm-Pumana, pynkuuro f(z):

46. v=e*sin(y); 47. u=xX; 48. v=—X;

49. u = x* - 3xy?; 50. U=cosX-chy; 51 v=— .
X +y

OOparHoit  omepanmeit k AuddepeHpoBaHUI0  (PYHKIIUU  SBIISETCA
uHTerpupoBanue. J[BoHON WHTErpai OT PYHKITUU KOMITJIEKCHON TTEPEeMEHHOM —
poCTO OOBIYHBIA JBOMHOM HMHTErpas; TO € CaMO€ MOXKHO CKa3aThb U IPO
KPHUBOJIMHENHBIN UHTETPAJI IEPBOTO POJIA. 3aTO €CTh ONPEAECIEHHBIE OTINYUS B
KPUBOJMHEMHOM HWHTErpajie 10 KOOPAUHATAM WIM KPUBOJUHEHHOM HHTETPAJIE
BTOpPOro poja. Tak Kak 3TOT HMHTErpajs HUrpaer OOJbIIYI0O pOjib B TEOPUHU
(GyHKUIMNA KOMIUIEKCHOTO MEPEMEHHOT0, TO PACCMOTPUM €ro MopoOHEe.

Cnauana onpeaenuM KpUBOJIMHENHBIM HHTETpaj BTOPOTO poja.
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[Tycth 3amana kpuBas C Ha KOMIUIEKCHOHW IiockocTH (puc. 10). Pa3zoObém

KPUBYIO TOUKAaMHU Z,, Z,, ..., Z, , IPUUEM IIyCTh

/'y

nepsas M IOCHAENHSAS TOYKM pa3OMeHus z Im 2 BZ
COBIIAJAIOT C HAYaJIOM U KOHLOM kpusoii C. B A N

o Z >
pesynbTate MOMyduM IyrH Z;Z;,,. Ha xaxnoit 3 Re z

* Z3

W3 Jyr BBIOEPEM TOUKY Z; IIPOHM3BONBHBIM N4
00pa3zoM. !

[Tycts Ham 3amana Ha kpuBoii C HekoTOpas

Puc. 10. K C
¢ynxums  f(z). Hpounrerpupyem f(z) mo HC pusas C, ma

KOTOpPOH 3amaHa  (QyHKIHS
kpuBoil. (COCTaBUM HWHTETPAIbHYI0 CYMMY f(z)

I :gf(zj)(zm—zj). B nony4eHHOH
-1

MHTErPAJIbHOM CyMM€ yCTpeMJiieM K O€CKOHEYHOCTH YHUCJIO TOYEK pa3OueHHUs

N, a Hamboipiiee W3 4uCen |Z -z j| K Hymo. Ecnu Takue mpeaensl Ipu

j+1
MIPOU3BOJIBHOM BBIOOpE TOUYEK z]f CYLIECTBYIOT U COBIIAJAIOT, TO 3TO U €CTh
KPHUBOJIMHEWHBINA HHTETPa] OT QyHKIuu f (Z) o kpuBoit C.

Onpenenenne. Kpusonunetinoim unmeepaiom om @yukyuu f (Z), 3aJaHHOU

Ha KpHBOﬁ C KOMILIEKCHOH IINIOCKOCTH, HA3bIBACTCA IIPCACIT HHTCTPAJIbHBIX

N-1
cymm | :Z f (z’;)(z 12 j) NpU CTPEMJICHUHU uuciia Touek pazoueHus N kK
j=1

O0eckoHeuHOCTH. OJHOBPEMEHHO C TMM HAUOOJBILIEE U3 PACCTOSHUN |z 12 j|

maX‘ZjJrl—Zj‘ CTPEMHUTCS K HYJIII0, a paS6I/ICHI/IC TOYKaMH ZJ-, €CJIn1 OHO

YAOBJIETBOPSIET 3TOMY YCIOBHUIO, MPOU3BOJIBHOE, KaK U BHIOOP MTPOMEKYTOUHBIX

N-1
Touex z;:  lim Zf(zj)(zj+1—zj) =Jf(z)dz.
max|z;,;-2;|>0 I= c
CBoilicTBa:
1. 3Hak UHTErpana MEHsETCs P CMEHE HAIMPaBICHUS UHTETPUPOBAHUS:
j f(z)dz =—I f(z)dz
AB BA
2. Cymma wuHTerpajgoB mo kpuBbiM C, u C, paBHa HHTerpaiy IO

J.f(z)dz+!' f(z)dz= j f(z)dz

C C,+C,

00BEIMHEHUIO KPUBBIX:

3. [TocTosTHHBIM MHOXUTEIH MOKET OBITH BBIHECEH 3a 3HAK MHTErpaia:

jAf(z)dz:AIf(z)dz, A = const
C, C,
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4. laTerpai OT CyMMBbI paBeH cyMMe WUHTETPaJIOB:

I{f() g(z dz—Jg dz+j

C
5. Moaynbs uHTerpajia 1no KpuBOol MEHBIIE, YeM KpHBOHHHeﬁHHﬁ UHTErpan
OT MOAYJ sl (DYHKIIMH 110 TOU K€ KPUBOM:

j f(z)dz
C
6. ®opmyra 3aMeHBI IEPEMEHHOM:

[f(2)dz=]f(0(5))# (5)ds,

C r
rJle C/ieIaHa 3aMeHa epeMeHHol: Z = (g).

S_([|f(z)|ds

Mpumep. ITycts kpuBas C mpeacrasiser codoit

OKPYKHOCTh paguyca & >0 c meHTpoMm B TOuke Z, - L
(puc. 11), 3Ty KpuByI0 MOXHO 3aAaThb (POPMYIION: <<Zo w
|Z — ZO| =¢. [lycTb HaM HY>KHO BBIYMCIIMTH UHTETPA ] Re ;
10 3TOM KPUBOii: | :J az : Z
¢t % Puc. 11. Kpusas C

g pemienust neperiéM K HOBOM MEPEMEHHOMN OKPYXKHOCTb  pajmyca
t, kotopas Oyner BemtectBennoit. ITycts t €[0;27]. £>0 ¢ ueHtpoM B
Toraa crapyro NEpEeMEHHYIO Z MOXHO 3alucaTh B TOUKe Z,

BUIE Z=2Z,+ gexp(it).
Brruucnsem nuddepeniman:
dz=d(z, + sexp(it)) = dz, +d (sexp(it)) = 0+ &d (exp(it)) = & (exp(it)) dt =
=icexp(it)dt.
COOTBETCTBEHHO, Z—Z,= gexp(it) , B pe3yiabTaTe HMHTETpal MPUHUMAET

BU/I:
2z

¢ 4z Ficexp(it)dt _
_-C[z—z0 -([ gexp( |t -[dt i

Temepp MBI MOXKEM [I0Ka3aTh OJHY W3 IICHTPAIBHBIX TEOPEM TEOPUHU
(GyHKUIMI KOMIUIEKCHOTO MEpEMEHHOT0 — TeopeMy Koru.

Teopema (Komm). ITycts B onHOCBsI3HOM oOnactu D 3amana omHo3HaYHAas
aHaMTUYeCKast (QPYHKIIHS f(z). Torma wHTEeTpast OT 3TOH (QYHKIUH f(z) o

Tr000My 3aMKHYTOMY KOHTYpY C, menukom jexkamemy B obmactu D, paBen

HYJIIO.
Jloxkazamenvcmeo: JIsi 3aMKHYTOTO KOHTypa M3 Kypca aHaim3a (QyHKIUH
BEII[ECTBEHHOTO TEpeMEHHOro wu3BecTHa (opmyna ['puna — Qopmyna s

UHTETPUPOBAHUS MO 3aMKHYTOMY KOHTYpY (YHKUMH  BEIIECTBEHHOMN
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TIePEMEHHOIA: mP(x,y)dx+Q(x,y)dyzﬂ{%—g—%}dxdy, rre P(xy) -
C D

nuddepeHipyeMble  (PYHKIUH BEIIECTBEHHOIO IIEPEMEHHOIO, 3aMKHYTBIN
koHTyp C sBasercsa rpanuneii obmactu D, muTerpam B dopmyine cieBa —
JBOMHOM MHTETpaJ 1o Bcel 001acTH, 0XBauyeHHON KOHTYpoMm C.
B ciyuae (QyHKIUH KOMIUIEKCHOTO IEPEMEHHOIO HHTErpaj 3allHileM B
BUJIC: [ﬁf (z)dz. Ilycts moOA MHTErpaIOM CTOMT aHANTMTHYECKas B 0OnacTi D
C
(byHKITIS f(Z), TO €CTh Takas (QYHKIUSA, 9TO f(z):u(x,y)+iv(x,y), rIe

u(x,y)— BEIIIECTBEHHAsI 4YacTh, v(x,y)— MHHMasi, TpU H3TOM (YHKIUU

ou ov ou ov
yAOBIETBOPSAIOT ycinoBusiM Komm-Pumana: — =— u — =——. [lycTh Takxke

ox oy oy OX
koHTyp C 3aMKHYT, JOCTaTOYHO TIJIQJOK, W IEIMKOM JIGKHT B 00JacTH
aHATUTUYHOCTU GyHKIMU D .
3anumem QyHKIpo f (Z) B Buje f (Z) = u(x, y)+ iv(X, y) IIOJT UHTErpall U
nonpodyeM MpUMEHUTh K Hel GopMyiny ['puHa. J[oNOTHUTENEHO OTMETUM, UTO

dz=d(x+iy)=dx+idy.

Urak:
[]j f(z)dz= [Jj{u(x, y)+iv(x,y)H{dx +idy}.
C C
OTkpoeM CKOOKHU:
[ﬁ f(z)dz= Dju(x, y)dx+iv(x,y)dx+iu(x,y)dy+i*v(x,y)dy,
C C
WJIU, TIOCJIe Peo0pa3oBaHUM:
m f(z)dz= mu(x, y)dx—v(x,y)dy +iﬂjv(x, y)dx+u(x,y)dy.
C C C
PaccmoTpum oTiennbHO Kaxka0€e U3 ciaraeMsaix, puMeHss hopmyiry ['puHa:

ov ou
u(x,y)dx—v(x,y)dy = {————}dxdy.
[P -,g oX oy
ou ov
VunteiBass cootHomeHue Komu-Pumana —:—a—, I0JIy4yaeM, 4YTO
X

MOABIHTETPAJIbHOE BBIpAKEHHE pPaBHO Hyt0. CrlegoBaTeNbHO, U BECh 3TOT
VMHTETPAJI PABEH HYJIIO.

Teneps BTOpPOE ClIAraeMoe: mv(x,y)dx+u(x,y)dyzﬂ{g—i—%}dxdy.
C De

ou ov
YLII/ITBIBaH COOTHOIIICHHUC 8_ =—, l'IOJIy‘lI/IM, YTO IO I/IHTeraJ'IOM TaKXE HyJIB.
X

Taxum o6pazom, Mbl Jokazanu Teopemy Koru.
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Ho d4ro, eciin ¢yHkmus f(z) He Oy/leT aHAIUTUYECKOM B HEKOTOPOM

KOHEYHOM KOJMYEeCTBe Touek BHYTpu KoHTypa C? MoxHO I TOTAa
nosib3oBaThesl Teopemoirt Komun? Koneuno, B npexxneM Bujae — HeT. Ho MOXKHO
BBIJICJIUTD 3TH TOYKH, «BbIpE3aB» MX HeOOIbIMMHU obnacTsmu (puc. 12). Toraa
teopema Ko 6yner BepHa.

Teopema. Ilyctb f(Z) SABJISIETCA ~ aHAIMTUYECKOW  (QyHKUIHMEH B
MHOI0CBsA3HOH obnacti D, orpanndeHHol n3BHe KOHTYpoM C,, a U3HYTPH —

koutrypamu C,, C,, ..., C., u myctb f (Z) HEIpepbIBHA B 3aMKHYTOU 00J1aCTH

D. Torma m f (Z)dz =0, rne C — nonHas rpaHuna obnactu D, cocrosmas u3
C

kourypos C,, C, C,, ..., C

n?’

npuuéMm o6xox rpaHuiibl C MPOUCXOTUT B
IIOJIO’KATEJIBHOM HAIPABJICHUU.

Loxaszamenbcmeo: TPOBENEM TJIAIKUE KPUBBIC
Viv Vas +-es Vo> KOTOPBIE COEAVHSUIN OBl BHEIIHUMN
koHtyp C, ¢ xourypamu C;, C,, ..., C, Tak, KaK
3TO MMOKa3aHo Ha puc. 12. Torga BCsS COBOKYITHOCTh
koutypos I'=C,UCUC,..UC, Uy Uy,..Uy,

OyJeT OorpaHHYMBaTH OJHOCBS3HYIO o0macth. [lpu

9TOM HECJIO)KHO BUIETH, YTO KPUBBIE J1, ¥y, ...r V, Puc.12. OGuacts D
OyAyT NMPOXOAUTHCS IBAXKIbI B MPOTUBOIOJIOKHOM HEOJTHOCBA3HA u
HampaBjieHuu  (4roObl B 3TOM  yOenuThbed, OTpaHn<CHa KaK
JOCTaTOYHO OOBECTHM KOHTYp C  pa3pe3amu cuapyxku koHTypoM Gy,
KapaHIaIioMm). TaK H H3HYTPHU
Tak € HECIOKHO BUIETb, YTO IIPU TAKOM xoutypamu Cy, ..., G,

00x0/le BHYTPEHHHE KOHTYPHl OyayT NPOXOJUTHCA B MNPOTHBOMOJIOKHOM
HaIIpaBJICHUMU.

JInsg OJHOCBA3HOTO KOHTypa clipaBeuiuBa Teopema Kormu: [lj z)dz=0.
r
Kountyp I'=C,UC,UCGC,..UC,Uy,Uy,..Uy,, crenoBarenbno, mo cBOHCTBY
MHTErpaia,

gjf z)dz = Uj dz_gjf dz+[|jf z)dz +.. +Eﬁ z)dz +

CUGUC..UC,UnUr,.. Ury

+gjf dz+gjf z)dz +.. +gjf dz+gj

3nech BerHI/Ie UHJIEKCBI y KPUBOM 3aJal0T HaIpaBieHUE 00X0/aa KOHTYpa.
[Troc cOOTBETCTBYET 00XOAY MPOTUB YaCOBOM CTPEITKHU, MUHYC — 110 YaCOBOM.
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YuréM, dYTO paspe3bl NPOXOAATCA JBAXKABI — B IPOTHUBONOJIOKHBIX
HaIpaBJICHUIX. ITo CBOMCTBY KPHUBOJIMHENHOTO HHTErpaa,

Dj f dz +Dj f dz =0. CmenoBartenansHO,

0= [ij dz—gjf dz+mf z)dz +.. +[|jf dz=[f] (z)dz,
YTO U TPEOOBAIOCH AOKA3aTh. )

Humezpan pynkyuu KOMnieKcHozo nepemenHozo

IepBooGpasuas F(z) dysxuun f(z) — takas dyHkums, 4To mpoussojHas
OT He€ paBHA UCXOHOUN QyHKIUU: F '( Z) = f (Z) :

Onnako B Kypce aHanu3a (QYyHKUMM BEHIECTBEHHOM MEepeMEeHHOMN
EepBOOOPA3HYIO CBA3BIBAIOT C MHTEIPAJIOM C MEPEMEHHBIM BEPXHUM MPEETIOM.
B ciywyae ¢GyHKUMIA KOMIUIEKCHON NEPEMEHHOM HMHTErpail — KOHTYpHBIH, WU,
BOOOIIIE TOBOPS, MOXKET 3aBUCETh OT BbIOOpa KPUBOH, MO KOTOPOW BEAETCA
uHTerpupoBanue. Tem He MeHee, B cuity TeopeMbl Kol nHTErpan He 3aBUCHUT
OT BbIOOpA KOHTYpa (IOKaXKUTE CAMOCTOSITENIBHO, YTO 3TO JEHCTBUTEIBHO TaK).

Teopema. Ilycts bynkuus f (Z) ONPENIEIICHA U HENPEPBIBHA B HEKOTOPOU

OJTHOCBSI3HOM oOsactu D, a wuHTerpam ot 3Tol (QYHKIMU 1O JHOOOMY

3aMKHYTOMY KOHTYpy C, LeTMKOM Jexamemy B 3TOW O0JIaCTH, paBeH HYIIIO.
Z

Torma dynkums F(z)= I f(z)dz, 2z,zeD sBuAeTCA AHATMTHYECKOI
Zg
dynkumeii B D u F'(z)= f(2).
Hlokasamenvcmeo.  JIns ~ [0KA3aTenbCcTBA ~ COCTABMM  PAa3sHOCTHOE
COOTHOIIECHHE:

F(z+Az)-F(z) 1 “fzf(z)dz_jf(z gl L s

F'(z)= =
(2) Az Az | 5 ZO Az Jz'f(z)dz

3aMeTUM, YTO TaKO€ COOTHOIIEHHE BO3MOXHO TOJBKO B  CHIY
HE3aBUCUMOCTH MHTETpasia OT BRIOOpA KOHTYpA.

BriObepem B KkauecTBE KOHTypa HWHTETPUPOBAHUS MPSIMYI0, KOTOpas

Z+Az
coenuHsIa Obl TOUKH Z U Z,. B aTOM cityuae I dz=Az.
z
F(z+Az)-F(2)
OLEHNM TaKo€e BBIPAKECHUE . —f (Z) .
Z
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F(z+Az)-F(z) 1 [z L |

— f —|— f _ 1 f B f .

Az (Z) Az | (Z)dZ |AZ| ,!( (g) (Z))d§<
1

S|A_Z§€I?Z];§E(AZ] f (g)_ f (Z) .|AZ|:§E?Z];Za3(Az] f (g)_ f (Z)|

DyHKIMS HENpephlBHA; 3HAYUT, BBHIOMPAs OCTATOYHO Malblii AZ MOKHO
CHETIaTh BBIPAKEHUE BHYTPH MOIYJIS ‘f (¢)-f (Z)‘ CKOJIb YTOJHO MaJbIM: IS

moboro  ¢>0  cymectByer Takoe o0>0, uyro mpwm |AZ| <o

max
celz;z+A7]

f(g)-f (Z)| <&. A cnenosarensHo, s mo6oro & >0 cymecTByer

F(z+Az)-F(2)
AZ
. F(z+Az)-F(z
IT0 03Ha4aeT, uro lim ( )-F(2) = f(2).
Az—0 AZ
1. Bonpocsl AJ1sl CAMOKOHTPOJIA:
1. Yto takoe argz? Yem ommuaercs argz ot Argz? IlpuBenute mpumep

Takoe 6 >0, uro npu |Az|< S - f(z)<e.

BBIYMCIICHHS] KOMIUIEKCHOTO apryMEHTA.

2. Yto Takoe MHUMAas U JACUCTBUTEIbHAs YacTH (YHKIUH KOMIUIEKCHOTO
nepemeHHoro? Kak onn 0603HauaroTCs?

3.Kak MOXHO BBINONHATH apupMETHYECKUe JeHCTBUA (CIOXKEHUE,
BBIYMTAHUE, YMHOKEHHUE) C KOMIUIEKCHBIMU YUCIaMU?

4. Ectp 51 OTAMYMs TNEepBOOOpa3HOM (PYHKIMU OAHOrO BELIECTBEHHOI'O
aprymeHTa oT nepBooOpa3Hoi (yHKIHUHA KOMIUIEKCHOTO MEPEMEHHOT0?

5. Onpenenenne nHTErpana GyHKIUA KOMIUJIEKCHOU MMEPEMEHHOIA.

2. Boruncianre BCIIECTBCHHYIO W MHHUMYKO YacCTb KOMILJIEKCHOM

pyHkuum:
Mpumep. f(1+i)=e""

Pewenue.
f(l+i)=e""=¢"¢e' = e-(el")z e-(cosl+isinl)=e-cosl+ie-sinl=

=(e-cosle-sinl).
IIpumep. Haiitu Ln(l+i\/§).
Pewenue. Ln(l+i\/§) — (pyHKLHMA, TOE WCMOJB3YETCsl MOJIHBIM apryMeHT

KOMITJIEKCHOTO 4mcia, Argz. J[ms BBIYMCIICHHUS 3HAYCHHS YAOOHO YHCIIO IO
3HAKOM norapugpma NPEACTaBUTD B MOKa3aTebHOU dopme:

2
‘1+i\/§‘: 12+(\/§) :\/Z:Z, TOYKa pacrojaraercs B TMEpPBOMl YETBEPTH,
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CleoBaTeIbHO, €€ Majblii apryMeHT HECJIOKHO HalTh 1o Qopmyre:

3

Imz V4 .
argz = arctg Rez =arctg ER = 3 CrnenoBaTenbHO, OONBIION apryMeHT OymaeT
ez

Argz=argz+2zk, rme K - mpousBompHOE menoe umciao. Takum o0Opaszom,

) i(%+27rkj
nonyuaem: 1+iv/3=2-¢
CoOTBETCTBEHHO, JiIoTapu(M  YUCIa  HECIOKHO  BBIYHCIUTH  TakK:

Z 12k

Ln(1+i\/§):Ln 2-ei(3 j =In2+lnei(§+2”kj:In2+i(%+2ﬂkj.

52. cos(2+i); 53. sin(2i); 54. t9(1-i);
5. Ln4: 56. Lni, Ini 57_Ln1§l;
58. Arcsin(1+i); 59. Arccos(2); 60. Arctg(1+2i).
3. Beruucaure BC€IIECTBCHHYI0O U MHUMYI0 YacCThb (l)yHK[[l/II/I, 33I[3HH0171
popmy.ioii:

ITpumep. Haittu siBHOE Bhipaskenue mis pyukuuu f(z) = Arcsinz.

Pewenue. BplsicHUM, KakoBa JODKHAa ObITh  (DYHKIMS — apKCHHYC
KOMIUIEKCHOTO aprymeHnTa. Tak kak apkcuHyC — (QyHKIUs, oOpaTHast CHHYCY, TO
JUIL  HAaxXOKICHUS apKCHHyca HEOOXOAMMO 0OpaTWTh CHHYyC: SINZ=W,
clIeloBaTeabHO, Z = Arcsinw.,

iz —iz

. . —€e .
Paccmorpum SINZ=Ww. Tak kak Sinz= % TO BBEIEM 00O3HAUYCHHE
|
i p-1/p p* -1
p=€°, W TOJy4YuM COOTHOIIeHHEe: ————— =W, OTKyJa — =W, WU
2i 2ip
KBaJ[PaTHOE YPaBHEHHE C KOMILICKCHBIMH Ko3ddumenTamu: p° —1= 2ipw, nm
p’—2ipw—1=0. Ero pemenme — gBe GyHKODUH (TO €CTh aAPKCHUHYC
KOMILIEKCHOU MIEPEMEHHOU — BETBSALIAACS byHKIHUA):
2iwt~4w’ -4 .

p= > =iw+Jw’ —1.

Ecnu yuects popmyny p=e", nomyuum: €” =iw=~/1-w* . BeibepeM 3HaK
«+t» W U30aBMMCS OT DKCIIOHEHTHI B OOOMX 4YacTsiX HepaBeHcTBa. Ilomyuum:

z :—iLn(w+ W)

4. a) HallTH BCE 3HAUYCHUSI:

61. i 62. 2': 63. 172

64. (-2)"; 65-[%%§jhz 66. 1'.
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0) HaliTH BCe KOPHHU:

|67.sinz+c0sz2=2; | 68. sinz=3; 169. sinz—cosz=i.

B) BEpHO JIH, YTO:

70. 1. 72.

Arcsinz:—iLn(i(z+\/zz—1) Arctgz:%Ln(ﬁ) Arcchz=Ln(z+\/zz—1)

1-Z

5. HaiigurTe nepBoodpa3Hyio:
Mpumep. Haiitu nepsooGpasuyio f (z)=z.
Pewenue. TlepBooOpasnas ¢yukiuu f (Z) =7 MOXeT OBbITh BBIYKCIICHA

HCTIOCPCACTBCHHBIM HHTCTPUPOBAHUCM 110 IMPOU3BOJIBHOMY KOHTYpY:

z 2 |? 2
Z Z
F(z)= I zdz = —2 = —2 +C, rae C — npou3BoabHOE KOMIJIEKCHOE YHCIIO.
Zy

)

73.sinz; 74.Inz; 75. exp(z).

Dopmyna Kowu

OnHuM U3  BaXHEHIIMX CBOWCTB KPUBOJHMHEWHBIX HHTETPAJoOB IO
KOMILJIEKCHOW TiepemeHHoi siBnsercs  (opmyna Komm. EE moctpoenue
OCHOBaHO Ha Teopeme Komm.

Omnpenesienne. O0acTb Ha3bIBACTCA OOHOCGA3HOU, €CIU JOObIE IBe €€
TOYKU MOKHO COEMHUTH KPUBOH, IIETMKOM MPUHAJIeKAIIEH ATOM 00J1aCTH.

Yro6sl nomyuuts hopmyny Komm, paccMoTpum
f(z)

Z-1,

dynkuuio  ¢(z)= [TorpeGyem, 4YTOOLI

bynakus | (Z) Obla Obl aHAIMTUYECKOW BCIOIY B

HEKOTOpoi omHocBs3HOM oOnactu D. Torma u
byHKIUA (p(z) OyleT aHaJIUTUYECKOM B 00JacTu

Puc.13. OGnacts,
OXBaThIBacMasi KOHTYPOM

D, 3a uckiItoueHreM TOUKU Z = Z, — IIpU YCJIOBHUH,
4TO 3Ta TOUKa HaxoauTcs B obsactu D . ITorpeOyem taxke, 4TOOBI TOUKA Z = Z,
Haxonauinack Obl B obnactu D Tak, 4TOOBI MOKHO OBUIO OXBAaTUTh TOUKY Z = Z,

kouTypoM C, 1enMKOM npHHAIeKaAmmM obiacth D Tak, 4ToOBI TOYKa
oKazaJyiach Obl BHYTpH KOHTYpa (puc. 13).
Teneps nmoctynum cienyromum obpazom. [IpoBeaém KOHTYp y Tak, 4TOOBI

y ObUI KpyroMm pajauyca p C LEHTpPOM B Touke Z,. Ilpm 3Tom HeoOxomumo,
9100l KOHTYp Y HE HMMen o0mmx To4dek ¢ KoHTypoM C, W BCS Kpyromas
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o0nacTb, OTrpaHMYEHHas J, HaxoIWiach Obl BHYTPH OOJIACTH, OXBad€HHOM

koHTypoMm C'.
Takum 00pa3oM, Mbl MOJYYUM HEKOTOPYHO 00J1aCTh, 3aKIFOYEHHYIO MEKITY
koHTYypoM C u KOHTypoM y. B arToii 0o0jacTu BcroMoraTelbHas (QYHKIUS

f(z)

o(z)= P OyIeT aHATMTHYECKOM.
T 4o

[To teopeme Komm, mHTerpam mo oObeauHeHHIO KOHTYpoB C'=C" +y~
(3HaKM yKa3bIBAIOT HampaBlieHHE o00XoJa KOHTypa) OyAeT paBeH HYIIO:

[ﬁqp(z)dz = Ujgo(Z)dZ +Uj(p(z)dz =0. IlepeHecéM wuHTErpasi MO KOHTYPY ¥
BIIPABO: [ﬁgp z)dz= m(p z)dz. Ilpu 5TOM 3HAK IOJDKEH MOMEHATHCA, HO MBI

c* [
CMCHHUM HAIIPpAaBJICHHC O6XOI[a KOHTYpa.

Teneps OTMETHM, 4TO o(z)= , CJIEZIOBATENBHO,

e

PaccMoTpuM 1moapoOHO BTOpPOIl MHTErpall

@)

-1,

dz. BeimonmHuM 3ameHy

MIEPEMEHHOM: Z = Z, + pe”, Tpu 3TOM NepeMeHHass X, 4TOOBl 00OWTH KOHTYP,

JIOJDKHA OylieT mpoOekaTh MPOMEKYTOK Xe[O; 27[]. Torma wHTErpasi mpuUMeET

2z f(z, + pe” _
BUJI: J ( ° i),(o )d(zo+pe'x). [Tocae HeCHOXHBIX — TpeoOpa3oBaHUi
< 7, + pe* -1,
HOJTY4HM:
flz,+ pe
J- #l pe™ax.
0 pe

Coxpariiast YUCIUTETh ¥ 3HAMEHATENb, [TOJyYaeM | I f (ZO + pe'x)dx :
0
JI71s nanpHENIIEeTro BEIYUCIICHUS ,Z[O6aBI/IM 1 BBIUTEM TaKOﬁ WHTETPA:

in(zO+peiX)dx:in Z, +,oe'X dx—|j dx+|_[ o)dx =
0 0
2z

:ij{f(20+peix)— f(zo)}dx++izf f (z,)dx.

0
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PaccMOTpUM  OTZIETLHO f(zo+peix)— f(z,). Tak kax dyskums f(z)
aHATMTHYECKasl, TO OHA OKONO TOYKH Z, HempepbiBHA. CIie/[0BATENLHO, MPH

CTpeMIIeHUH K HyIt0 p — 0 momydyurcs, 4yto pasHocTh f (ZO + peix)— f (ZO) TaK

e  CTPEeMHTCS K  HYIIO: ‘f (Zo + peix)— f(z, )‘ —0: i  moboro

HOJIOXKUTEIbHOrO uncina & >0 MoxHO yka3arh Takoe 3HaudeHue O >0, uto

‘ f (ZO + peix) — f (ZO)‘ <g TUTS ‘peix <9J. CrenoBaresbHoO,
27 .

lim {f (z0 +pe'x)— f (zo)}dx =0.

p—0 0

B ¢opmyne IT{ f (ZO + peix)— f (2, )} dx + izf f(z,)dx  mocmenuee
0 0

cjaracMo€ HE 3aBHCUT OT X, CJICAOBATCIBbHO, JTOT HHTCTpaJl HCCIO0XKHO
27

BBLIYKMCIIATE: | J. f (z,)dx = 27if (z,). Homyuaem popmymy:
0

i f(z)dZ:iT{f(zoereix)—f(zo)}dx+27rif(20).

T1-1,

[Mepeiiném B 3TOM BbIpaxkeHun Kk npeaeny npu p—>0, B pesynbrate

TOJTYYHM: lim Mdz = Iim{iz_f{ f (zo +peix)— f (ZO)}dXi|+ 27if (z,).

p—0 o 7 — ZO p—0

Bmpa)KeHHe CJI€Ba TaK K€ HC 3aBHCUT OT L, CICAOBATCIBHO, IIPECACI TaM HE

HY>KE€H: deZ:lim{iT{f(Zo+peix)—f(ZO)}dX:|+27Z'if(ZO). Ipenen

o 7 — ZO p—0

BBIpDQXKEHUS CIpaBa H3BECTEH, W paBeH HYJII0. OKOHYATEIBHO MOJy4aeM:

m%dz =27if (2,). D10 1 ectb popmyna Kouu.
crc %o

Cneocmeusn popmynvr Kowu

1. Pasuple moJ0skeHHMsi TOYKHM Z,. B TOM ciaydae, ecim ToYka Z,
NPUHAIJIEKUT BHYTPEHHEN JUIA KOHTypa 001acTH, To (hopMyJia yKe MOoJIydeHa:

f(z :
mﬁdz =27if (z,).
2z-1,

Eciu Touka mexur B oOjactu, AN KOHTypa BHEIIHEW, TO Torna
NOJIbIHTETpalibHas (PyHKUMA OyAeT aHATUTHUYECKON BCIOAY BHYTPHU KOHTYpa, U
BepHa Teopema Komm nis aHanuTU4YecKOW (YHKIIMM — UHTErpan OyneT paBeH

HYJIIO.
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f(z) :
Ecnu Touka neXWT Ha KOHTYpE, TO B 3TOM ClIydae m—dz = rrif (ZO).
i
c* 0

ITonpoGHOE 10Ka3aTENbCTBO MOXKHO HAlTH B [6].
OKOHYAaTENbHBIN PE3YIBTAT ITOrO IIYHKTa UMEET B!
27if (z,), 2, 6Hympu konmypa C

f(z :
[ﬁ(—)dz =< 7if (2,), 2, nacamom konmype C
21-1,
0, z, 6ne konmypa C

2. ®opmyJa cpennero 3HaveHus. [Iycts Qynkuus f (Z) — aHaJUTHYECKas
(GyHKIMA B OOHOCBsI3HOW obOmactu D, a Touka z, — BHYTpEHHAA TOYKAa ITOM
obnactu. Bo3pMéM 7, 3a LIEHTP OKPYKHOCTH M IIOCTPOMM OKPYKHOCTb pajuyca
R Tak, 4yToOBl NMOCTPOEHHBIA KPYr LENMKOM Jexan Obl B obmactu D . Ilo

1 ¢ f(z
dopmyne Komm: f(z,)= —_Djﬁdz , rme Cp — TOCTPOEHHas HaMH
27l ¢ 71-1,
OKPY>KHOCTB (TO €CTh OKPY>KHOCTB paguyca R ¢ IIeHTpOM B TOUKE Z,).

1 f(z .
B mHTerpane f (ZO) = 2— L dz BBIIOJIHUM 3aMEHY ITEpEMEHHON:
T z-12
Cr 0

z=17,+Re",
TOT Ja MHTCTPAJI IIPUMCT BU:

f(zo):

1 f(z)dz_ 1 ZJfo(zo+Reix)

27i & 2~ - 27i Y 7, +Re* -z,
1 2”f(zo+ReiX)
27 I Re™

0

d(z,+Re")=

0

Re™ idx =

1 2z )
= —j f (zo + Re'x)dx.
27+,
To xe camoe, mapaMeTpusysi OKpPYKHOCTb, MOXHO 3allicaTrh MO-APYroMy:

f(ZO)ZZnLR f(z0 + Reix)ds. 3nech mHTETpan OepETcs MO OKPYKHOCTH, HO
Cr

3TO — UHTErpajl He BTOPOro, a MepBOTo poja.
3. [IpuHIUN MaKCHMMyMa MOAYJIAl aHAJNTH4YecKol ¢yHkuun. Teopema o
MaKCUMyM€ MOJTYJIS aHATUTHIECKON QyHKIIUU (HOPMYITUPYyeTCs TaK:

Teopema. Ilycts Gpynxims f (Z) SBJISICTCS] AaHAIMTUYECKON B oOmact D u
HeNpephIBHOM B 3aMKHYyTOH 06nactu D . Toraa umu | f (Z)| = const Bcrogy B D,

WM MaKCUMAaJIbHbIE 3HaueHus f (Z) JOCTUTal0TCs Ha rpaHwuiie obmactu oD .
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Jlokazamenbcmeo. Moaynb byHKIIH ( z ) €CTh byHKIHSA

f
|f(z)|:\/u2(x,y)+v2(x,y). Tak xak ¢Qynxums f(z) amanuruueckas, To &

MOIYJh — (DYHKITHS HETPEPHIBHAS.
[Ipeanonoxxum, 4To TeopeMa HEBEpHA, U HauOOJbIlIee 3HaYCHUE (DYHKIIHU-
MOJyJIsl JOCTUraeTcs B KaKO-TO BHYTpeHHEH Touke obsnactu D — B Touke M.

Crie10BaTeNIbHO, CYLIECTBYET Takas Touka Z,€ D, uro K:‘f(zo)‘z‘f(z)‘,
zeD.
[Tycte TOYKa Zz, — BHyTpeHHAd Touka obOmactu D . Torma e€ MOXkHO

OKPYXHUTh KOHTYpoM paauyca R, u mo Qopmyne cpeaHero 3HauyeHusi (1o

I[perMy eé Ha3bIBAKOT — TeOpeMa (0) CpeIIHeM) MBI HOHyI{HM:
2z

2z 2z
27K = j f(z)dx < _”f(Z)‘dXSZﬂ'K.OTCIOI[a j|f(z)|dx:27zK.
0 0 0
Tak Kak QyHKIUS ‘f(z)‘ HE MOXET OBITh

oonpie K, To ona menbie wim paBHa K . Ho
MEHbIIIE OHa OBITH HE MOXKET, TaK KaK TOTJa
uHTerpan  Oydaer MeHbine, uvem 27K,
CrnenoBarenbHO, BCIOJy Ha 3TOM OKPYXHOCTH

‘f (z)‘ =K . Tak KaK Mbl MOX€EM B3ATh KpyI U Prc. 14. HaGop okpyskHocTeil

Z;

U HUX IEepecedyeHusl C JINHHEW,

MEHBIIETO Pajnyca, TO ‘f(z)‘: K u Bo Bcex
COCAUHAOIINX TOYKN Zl n ZO

TOYKaX BHYTPHU Kpyra.
Bo3bMEM HEKOTOpPYIO KpUBYIO, LETUKOM MpHHAAIexamyo obmactu D,
KOTOpasl coeAnHANIa Obl MPOU3BOJIBHYIO TOUKY obsacTu D, Touky z;, ¢ TOukon

Z, (puc. 14). Oxpy>XHOCTb mepecedercsi ¢ KpuBOi B Touke Z,. CiemoBaTenbHo,
B TOYKE Z, |f(22)|= K. CrpouM Kpyr ¢ LEHTPOM B Z,, HaxOIHM €ro
HiepeceueHre ¢ JIMHUEH W Tak Jajee, MokKa He momaaéM B TOUKy Z,. B cuiy
MPOU3BOJILHOCTH BBIOOPA TOYKH Z, TOJYYaeM, 4YTO ‘f(z)‘: K s Beex

BHYTPEHHUX TOYEK 00JIacTH.
HecnoxHo noka3aTh B JONOJHEHHE K MPUHIUIY MaKCUMyMa MPUHIUI

1
MUHEMYMa. J[I 3TOr0 MOXHO paccMOTpeth (yHKIMIO ¢(Z)=——, A

M
f(2)
KOTOPOU BBITNIOJIHEH ITPUHIUIT MAKCUMYyMa.
4. @opmyaa Komm aisi crapmux npou3BOAHbIX. PaccMOTpuM uHTErpan

f
Komm: f(z) :imﬁdg, rJIe Touka Z JIeuT BHyTpu KoHTypa C. Ilycth
2ri g —1

dyukumst  f(z) — amanuTuueckas. DTo O3HAUYAeT, UTO y HeE CYIIECTBYIOT

IMPOU3BOAHBIC BCCX IMMOPAAKOB.
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[Ipomuddepenuupyem o0e qacTu 1o Z. [omyanm:

f
a f (Z):ii mﬁdg . B [6] MoxHO HaliTH moJipoOHOE 00OCHOBaHUE
dz 2ridz\ T ¢~z
cBoiicTBa mHTerpana Komm: MOXHO MOMEHSATh MECTaMH HHTECTPUPOBAHHE H
nuddepeHupoBaHue:
d 1 ¢df f(s
4t @)= Lo
dz 2ritdz\ ¢~z
f
Orcroza TIOJIy4aeM: a f(z)= 1 _ Dj (g)2 de. [ToBTOpSS
dz 271 ¢ (¢ —2)

nuddpepeHIpOBaHE MPOU3BOIBHOE KOJIMYECTBO Pa3, MOJy4YUM B PE3yJIbTaTe:

f™(z)= n!_ Eﬁ f (g)m dg. DTo M ecTh (GopMyda HPOU3BOJHOHN TOGOTO
27l o (g — Z)
TTOpSAIKA.

5. Teopema Mopepa. Ilycts dyHKIHS f(z) SIBJIIETCS. HENPEPBIBHON B
oHOCBA3HOW oOmactu D w wmHTerpanm or f(z) no J1to0OMy 3aMKHYTOMY
KOHTYpYy, LeaukoM JexameMy B D, paBen nymo. Torma f(z) —
aHanuThueckas GyHkius B oomactu D .

2
Hokasamenvcmeso: Panee 6110 1oKazano, uto F(z)= J f(z)dz,rme z,, 7 -
2
IPOU3BOJIbHBIE TOYKKM obOmactu D, wuHTEerpan Oepércs Mo MNPOU3BOJILHOM
KPUBOM, COCIUHSIONIEN 3TU TOYKH, U F'(Z) =f (Z)
[IpousBogHas aHanmuTUYeCKOW (GYHKIUU €CTh aHAIUTAYECKass (DyHKITuS,
cieoBarenbho, Gyukius f (Z) — aHAJIUTHYECKasl.
6. Teopema JInyBuiiasi. [1ycTe Ha Bcell KOMITJIEKCHON TUTOCKOCTH (DYHKITHS
f(z) — amammruueckas, a eé Momynb paBHOMEpHO orpanudeH. Torza ora

byukust f (Z) TOJIECTBEHHO PaBHA MOCTOSHHOM.

Jloxazamenvcmeo: CornacHo ¢opmyne Kommmm st mepBoil MpOW3BOIHON

f
f'(z)= 1 m (g)z d¢ . B xauecTBe KOHTypa BBIOEpEM OKPYKHOCTH Paanyca
1

27y (c-2)
R ¢ uentpom B Touke z. Torma f'(z)=—— Lﬁ f (g)z
2mé(s-2)
Ilo ycnosuto Teopemsl, GyHkuus f(z) paBHOMEpHO OrpaHHYeHa, TO €CTb

dg.

CYIIECTBYeT Takas TocTtosHHas K, yto jis Bcsikoro Z w3 obmactu D
BBITIOJIHEHO COOTHOIIEHHUE: | f (Z)| <K.

CrenoBaTelibHO,
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s S IR UG N P B L) P B S B8
|f(z)|£2ni(g_z)2ds_2zi R? dsgzﬂideS_zﬁR'

Pamnyc R MoXHO BBIOpaTh CKOJIb YrogHO OONBIIMM, a JieBas 4YacTh —
npousBoaHas f ’(Z) HE 3aBUCHT OT paJuyca. ITO O3HAYAET, YTO ‘ f’(z)‘ =0.

B cuiny npou3BoigbHOCTH BbIOOpa TOUYKM Z 3aKIIOYaeM, 4YTO MOMAYJb
MIPOU3BOJHON paBeH HYJIIO0 BO Bced oOnactu. Takoe BO3MOXKHO, JHUIIb €CIH
GbyHKIUS TOCTOSTHHA BO BCEH 001acTH.

1. Bonpochl AJis CAMOKOHTPOJIS:

1. Yto Takoe KpUBOJMHEHHBIN HHTErpajl BTOPOro poja (KpUBOJIUHEHHBIN
WHTErpajl o KOOpAUHATaM)?

2. ®opmyna ['puna.

3. Kak BBecTH mapaMmeTpu3anuio B KPUBOJIMHEHHOM HHTETpajie BTOPOTO
pona?

4. ®opmyna Komm.

5. ns xakux pyHkumii npumenuma gopmyia Komn?

6. ®opmyna Komu asis cTapumx mporu3BOIHBIX.

7. Chopmynupyiite TeopeMy Mopepa.

8. Chopmynupyiite Teopemy JInyBusis.

2. Jloka:KuTe paBeHCTBO:
Ilpumep. Brruuciaure HHTErpan HEMOCPEACTBEHHBIM HMHTETPUPOBAHUEM:

.[ y’dx, rae xoutyp C — ydacTok mpsiMOi JHHMH, HAuMHAIOIIEHCA B Hayase
c

KOODJIHMHAT M 3aKaHYMBAIOIIUiCs B Touke 1+ 1.
Pewenue. 1Tapametpusyem npsimyro. OHa COEUHSIET TOYKH C KOOPJIAUHATAMHU

(0;0) ¢ (L1). Cnenosarensro, X=t, y=t, rae napamerp t mensiercst ot 0 10

1 gt
1. ITofcTaBisieM B HHTErpal, HOIydaeM: _[ y2dx = jtzdt = % _1
C 0

3

0

76. dez =iS, rme S — mromazns, C — 11000 3aMKHYTHIN KOHTYP;

=2iS, rae S — mwiommanas, C — 1r000# 3aMKHYTBIN KOHTYP;

=-S, rae S — wiomanas, C — M000# 3aMKHYTBIH KOHTY; m 2°dz,
|z]=1

C

77. Ujfdz
C

78. [ﬁydz
C

C — z:2+ij|z|dz;
C
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3. Beruucaure:

79. [ xdz, rme - pagyC-BEKTOP TOUKU Z=2+1;
c

80. .|Z|dz, rae C — noiyoKpy»XKHOCTh |Z|:1, O<argz<r,

C

81. |Z|Zdz, rne C — 3aMKHYTBIH KOHTYpP, COCTOSIIIUNA W3 IOIYOKPYKHOCTH

C
|| , 0<argz<r,orpeska -1<x<1, y=0;

rae C — BepXHsisl MOIYOKPYKHOCTD |Z| =1, 1=1;

2 [

83. [ﬁandZ, rne C — equHUYHAST OKPYKHOCTb |Z| =1, Ln1=0;

84. IZ“dZ, rJe o — IMPOU3BOJIBHOE KOMIUIEKCHOE uncio, 17 =1.

4. BoluncJiure, HCMOJb3Ys TEOpeMY Koumz

IIpumep. Borunciute WHTETpal Uj 1 re To4ka Z =1 JIeKUT BHYTpHU
7° +

koHTypa C, a Touka Z = —I
Pewenue. Pa300béM TOJBIHTETpabHOE BBIPAKEHHE HA MHOMKUTEIN:

dz dz .
m - :Uj - —. Tak kKak KOHTYp OXBaThIBA€T TOJILKO TOYKY Z =1, TO
T8+l (z+i)(z-i)
1
. dz
BCC BBLIPAXKCHHUC MOXKHO 3allMCaTb TaK: Dj 2 :I;ﬁ dZ C‘-II/ITaeM qTo
=Z2°+1 %
1
1 (z+i) 27i| _ 2xi

f (z)=——, Torma no popmynam nomydaem: [Jj ~dz=— =7.

Z+i Z(z-1) Z4il  Q+i

5. BeruucJsure:

dZ z z
85. [f| ——— g6. f) 9. g7. fi 292

j2-2}=1 2(22 _1) |z-i[=L 2 +1’ ‘Z‘ZZ(Z +1)3 .

2. Paabl aHAINTHYECKUX (PYHKIUH
OcHnoeénvle nonamus

Omnpenesienne. Psoom Ha3bpiBaeTcsi OECKOHEYHass CyMma 4Hcel X

n

(unciioBoOM psn): ixn i pyukouii f, (X) (byHKIIMOHANTBHBIN PsI): i f, (X)

n=1 n=1
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COOTBGTCTBGHHO, IJtL Cliydass KOMINICKCHBIX IICPCMCHHBIX YHCJIOBBIM PAJI0OM

0
6yz[eT CyMMa KOMIINICKCHBIX YHUCCII ZZn nJIn (I)yHKI_[I/Iﬁ KOMHJ’ICKCHOﬁ
n=1

o0
nepemenHoit Y f (z).
n=1
Onpenenenne. Yacmuunoti cymmou pada S, Ha3bplBaeTCs cymMma €ro N

N
MePBBIX WIEHOB: Sy = 7, . A CyMMOH psjia — Ipesies MOCIEI0BATebHOCTH
=1

qacTH4HBIX cyMM Ip N - 0@ S=1im S .

N—w

0
Onpeneﬂeﬂne. PHI[ ZZn Ha3bIBACTCsI a6com0mH0 CXO()}ZZ/L{MMC}Z, cClin
n=1

0
CXOOUTCs pHI[ Hn3 MO,Z[YJIGﬁ €0 4JICHOB, TO €CTh €CJIM CXOAUTCA pSII[ Z|Zn| .
n=1

Tak Kak HENOCPEACTBEHHO, MCIOJIb3Yys ONPEACIICHUE IIpeena, BBIYUCIIAThH
CYMMBI PSIIOB 3aTPyAHUTENBHO, CYIIECTBYET P IPU3HAKOB CXOAUMOCTH PSa.

HCOﬁXOI[I/IMbIﬁ IMPU3HAK CXOAUMMOCTH pHAdA: IMYCTb PAA ZZn CXOOUTCA.

n=1

Torma limz, =0.

n—oo

I[OCTaTO‘IHI::IX IMPHU3HAKOB 3HAYUTCIBbHO 6OJ'IBH_I€, N3 HHUX OrpaHUIUMCA

0
.|z
yIIOMHHaHUEM npu3HakKa [lanmambepa — psn Z z, cxomures, ecmu lim| =l <1

=1 n—o0 Zn

Komm: psn Z z, cxomures, ecm limy/z, [ <1.

nN—o0
n=1

Jns GyHKIMOHANBHBIX PSAAOB OOJBIIOE 3HAYEHHE HMEET paBHOMEpPHAas
CXOJIUMOCTh (PTO Takasi CXOJWMOCTb, YTO 3HAUYCHHUE MEPEMEHHON (PYHKUIMI He
OKa3bIBAET HA HEE BIIMSHUA).

Onpenenenue. Psin an(z) cxooumcsi pasHomepro B obmactu Dk
n=1

(GYHKUMM ~ KOMIUIEKCHOTO — TIEPEMEHHOTO f(z), €CIM i1 BCSIKOTO
HOJIOXKHUTEIbHOrO uncina € >0 MoxHO yka3arh Takoi Homep N (8), 4TO TpU

BCSIKOM HOMEpe n> N (6‘) Ooyner CIIpaBEIMBO HEPaBEHCTRBO:
N
f(z)-> f,(z) <& ms Besikoro ze D.
=1

Takumu OIIpCACIICHUAMM I10JIb30BATLCSA HCIMOCPEACTBCHHO OUCHDb HeleO6HO,
IMOOTOMY €CTh pPAA TCOPEM, ITO3BOJIATOMINUX PE3KO YIIPOCTHUTH BBIYUCIICHUSA.
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Ilpusnak Beiepmrpacca: Ecimu Bcroomy B obmactu D wiensl

(I)YHKI_II/IOHaJ'IBHOFO p;ma Z fn(Z) MOFyT 6BITB OLICHCHEI CBepxy HJICHAMU
n=1

»

a0COJIIOTHO CXOJSIErocss YHCIOBOTO psga, TO psij z f,(z) cxomurcs
n=1

paBHOMEpHO B obnactu D .

Hakonen, ecTb psii TeOpeM, YCTaHABIMBAIOIIMX CBOMCTBa PaBHOMEPHO
CXOIANIMXCS (PYHKIIMOHAIBHBIX PSJOB, TAaKKE W3BECTHBIE KaK TEOPEMBI
Benepmrpacca:

Teopema (o HempepbiBHOcTH). Ecin dyskunn f (z) HempepbiBHbl B

obnacti D, a pan ) f (z) B aToit 06acTi cX0MUTCA PABHOMEPHO K (DyHKIMH

n=1

f(z), 1o cama pynkums f(z) Taxxe HenpepbiBHa B oGmactu D .

Omnpenesienne. KpuBasi Ha3bIBACTCS KYCOYHO-21AO0KOU, €CIU OHA MOXKET
ObITh pa30MTa Ha KOHEYHOE YMCIIO KPUBBIX, HA KAKION M3 KOTOPHIX (YHKIIUH,
3aJ1al0IKe KPUBYIO, 00J1a/1al0T HEMPEPHIBHBIMU MPOU3BOTHBIMH.

Teopema (0 nowieHHom uHTerpupoBanum). Ilycts pax > f (z)
n=1

HEMPEPHIBHBIX (YHKIIUN fn(Z) CXOJUTCS paBHOMEpHO B obOmactu D «k
byHKIUU f(Z). Torga wHTErpan ot 3ToMl (QYHKIMU MO JHOOOW KyCOYHO-

rmagakoi kpuBod C, HEIUMKOM Jiekamuid B oOmactd D, MOXHO BBIYMCIUTH

NyTéM  MOWIEHHOrO  MHTETPUPOBAHMSA  psaa i f.(z), To ects
=1

Jf(z)dz :i_[ f,(z)dz.

c n=lc

Bce  mepeuucieHHble  BBIIE  TEOPEMbl  Maj0  OTJIMYAIOTCS  OT
COOTBETCTBYIOIIMX TeOpeM (PYHKIIMIA BEIIECTBEHHOW MEPEMEHHOM, MOAITOMY UX
BO3MOYKHO TMpHUBECTU 0€3 JoKa3zarenbcTBa. Jlanmblie Mbl paccCMOTPUM TOpasJio
0oJiee MoApOoOHO TeOpEMBI, cielU(PUIHBIE UMEHHO 111 PYHKIINH KOMIUIEKCHOTO
MIEPEMEHHOTO.

Teopema BeiiepmTpacca. Ilycts yHKIIMM fn(z) — aHAJWUTUYECKHUE B

o0
obmactu D, a psaxg f (z) cxomuTcss paBHOMEPHO B JIIO00OM 3aMKHYTOU
n
n=1

nopoGnactu D' o6mactu D k gynkuun f(z). Torna
1. f(z) - ananuTnyeckas gynkuns B odnacru D.
lokazamenbcmeo: Bo03bMEM MNPOU3BOIBHYIO TOYKy Z,€ D, mocrpoum

OJIHOCBSI3HYIO 3aMKHYTYI0 o0nacts D', comepkalryro Touky z,. B oToli Touke,
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mo Tteopeme o HempepbiBHocTH, (yHkums f(Z)
HenpepbiBHa.  Ilpounterpupyem  f(z) o

IPOM3BOJIBHOMY  3aMKHyTOMy  koHTypy C,
aexameMmy B 3Toil obmactu. Ilo Teopeme o

IOYJICHHOM WHTETPUPOBAHUN, IoJIy4yaeM
COOTHOIIICHHE: Puc. 15. 3aMKHYTBIH
o koHTYp C. OKpyXHOCTBH
mf(z)dZ: Eﬁfn(z)dz. pamuyca d: |z2-Zz|>d.
c n=lc Buytpu 3aMKHYTOI'O
B cuny ananutuunHoctH QyHkimid  f (Z) xontypa C obGmacts D

WHTErpall OT HUX OYJEeT paBeH HYJIO, CIEJ0BaTENbHO, [ﬁf dz—O A 1o
C

Teopeme Mopepa 3T0 03Ha4YaeT aHATUTUIHOCTD QyHKIMH f (z)
2. [IpousBoaHasi CyMMBbI psiia MOXKeT ObITh MOJy4YeHA MOYJIEHHBIM

nuddepeHnupoBaHneM YieHoB psiga f (z2)=>] f L)

Lokazamenvcmeo: Bo03bMEM IPOU3BOIBHYIO TOYKYy Z, <€D, mnocrpoum
OJIHOCBS3HYIO 3aMKHYTYIO oj1061acTh D', comeprkantyro Touky z,. Beibepem B

D' mpou3BonbHEIN 3aMKHYTBIH KoHTYp C, HenukoM nexamuii B obmactu D',
TaKOH, YTO TOUKA Z, HAXOAUTCS BHYTpHU o0sacTu, oxBaueHHOH C .

[Torpebyem, uroObl HauMeHbliee pacctosiHue or C 10 z, ObuIO Oosblie,

yeM Hekoe uucio d, >0, u pazaenum o0e 4acTu COOTHOIIEHUS f Z f

ma (2-2,)"

k+1 Z k+1
(Z - ) )
Ha CXOONMOCTHU pﬂ,ua 9TO HE CKaXETCiA, HA aHAJIUTUYHOCTH (I)YHKHHI;'I — TaK

ke, T.K. Pl YMHOXKEH IPOCTO HA NMOCTOSHHYIO.
Tenepn MPOUHTETPUPYEM o0e 4acTH COOTHOUIEHHUS

flz) _¢ f(2)
(Z_Zo)k+1 ;(Z—Zo)kﬂ

1o 3aMkHyTOMY KOHTYpY C pucyHka 15. [Tomyqnm:

e DI

C C n—l
n 3aMCTHUM, 4YTO pHI[ COCTOUT U3 HerepI)IBHBIX (bYHKHHﬁ, TO €CTb
CYMMI/IpOBaHI/Ie J51 I/IHTerI/IpOBaHI/Ie MOKXHO HOMGHHTB MCCTaMMU.

J

C —1c
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Cormacuao dopmyne Komm,

f(k)(Z)z k!.m(f(Z)dZ f(k)(Z)=k—!_i[£:| fn(i)dz

k+#1 ' 'n
27 3 Z_Zo)

OTKY/Ia TIOITy4aeM: % ()= 28y z f8(z), nm £Y(z)= >t ) (2), uro

U TpeOOBaNIOCh TOKA3aTh.

3. Psii M3 NPOM3BOIHBIX an(k)(z) CXOQUTCSI PABHOMEPHO B JIHOGOI
n=1

3aMKHYTOii noxodaactu D' o6aacru D .
Loxaszamenvcmeo: PaCCMOTpI/IM OCTaTOK  paAna i (QyHKUHAU

=>"f.(z), To ectp psn r, z f.(z). Tak KaK psii CXOMUTCS, TO
n=N-+1

ero ocratok cxomurcs. Ilo mokazaHHOMY, I (Z) eCTh aHanuTHYecKas, K pas

k! ¢ ry(z)dz
[ﬁ(

: k+1 7
27l C Z_Zo)

nuddepenuupyemas ¢Gyukiusa. CraegoBaTeabHO, rN(k)(z):

IpHYEM rh(,k) ()= Z fn(k) (z). Mcxommpii psx i fn(k) (z) cxomutcs

r(2)
Bepno cnenyromee: ‘rN ‘ > m N ( —|ds < &. D10 BEepHO A1 BCAKOTO
7

O

D', uto u Tpe6oBaNOCh TOKA3aTh.

Jlns cBelieHMs NPHMBENEM €IIE OIHY TEOPEMY, HOKA3aTeJbCTBO KOTOPOM
MOJKHO Ha#TH B [6]:

Teopema (Bropas Teopema Beiiepurpacca). Ilycrs dynxkumn f(z)

SBIIIIOTCSL aHAJIUTHYeCKUMH B oOiactu D , HCIPCPLIBHBIMHU B [_) n piaa

an(z) CXOJIUTCS paBHOMEPHO Ha rpaHmme [ 3T1oi oOmactu. Torma psn
n=1

0

Y f,(z) cxomures paBHoMepHO B D .

n=1

Wtak, MBI paccMOTpend OCHOBHBIE Teopembl oOmiero xapakrepa. Kax
BBIICHWIOCHh, OHU B LIEJIOM Maj0 OTJIMYAIOTCS OT COOTBETCTBYIOIIHUX TEOPEM
(GYHKIMI BEelIeCTBEHHOM MepeMEHHOM.
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Janee MblI OyJieM paccMaTpuBaTh CTEIIEHHBIE psabl. LleHTpaibHOE 3HAaUeHHE
B TEOPUHU CTENEHHBIX PANOB B TEOpUHU (YHKIUI BEIICCTBEHHON MEPEMEHHOI
uMmeer Teopema AOens. OHa MNEPEHOCUTCS Ha Clydail KOMIUIEKCHOTO
NEPEMEHHOT0 0€3 U3MEHEHUH, J0KA3aTEIbCTBO CXOIHOE.

) - n
Teopema (Teopema Abenst). Eciu crenennoit psm » ¢, (z—2,) cxomures
n=0
B HEKOTOPOM TOYKE Z, # Z,, TO OH aDCOJIOTHO CXOIUTCSA M B JIIOOOH TOUKE Z,

YIOBJIETBOPSIOIEH YCIOBHUIO |Z — ZO| < |Z1 - Z,

, IpU4EM B Kpyre |Z—ZO|Sp

, PAIl CXOAUTCSI PABHOMEPHO.

paguyca P, MEHBIIECTO |Z1 —Z,

o - n o
Cuaencraue 1. Ecim crenensoi pag ) ¢, (z—2,) pacxomurcs B HEKOTOPO
n=0
TOYKE Z,, TO OH PACXOJUTCA U BO BCEX TOYKAX Z, YIOBIECTBOPSIONIMX
HEPaBEHCTBY |Z — Zo| >z, — 7,|.
Caencrsue 2. /I BCAKOTO CTENEHHOTO psfia CyIIECTBYET Takoe uucio R,
9TO BHYTPH Kpyra |Z—Zy|<R naHHBIH CTENEHHOH P CXOMMTCA, @ BHE HTOTO

KpyTa pacXxoIuTC.

CaencrBue 3. BHyTpu Kpyra CXOAMMOCTU CTEIIEHHOW pAJl CXOAUTCS K
aHATUTHYECKOU (PYHKITUH.

CaeacrBue 4. CteneHHOM psii BHYTPU KpyTa CXOJAUMOCTH MOXHO TOUYJICHHO
uHTErpupoBaTh W auddepeHnrpoBaTh T000€ YUCIO pa3, MNPUIEM paauyc
CXOJUMOCTH TOJTYYEHHBIX PSAOB PABEH PAINyCy CXOIUMOCTH HCXOAHOTO Psa.

= n
Caencreue 5. Kospduuments:  cremensoro  psma  » ¢, (2-2,)
n=0
BHIPAKAIOTCS Uepe3 3HAYeHHMsE CyMMsbl psina f (Z) u e mpousBoaHbIX B LEHTpe

1
Kpyra cXoauMocCTH 1o ¢popmynam: C, = - f )(ZO).
n!

Cuencreue 6. Paguyc cxomumoctn R cremensoro psma » c,(z-12,)
n=0

onpenensiercs Gopmyioit R = OtMeTHM, YTO 3/1€ECh pacCMaTpPUBAETCS

1
limy/c.
HE OOBIYHBIN MpeJiesl, KOTOPOTO Y MOCIEA0BATEILHOCTH KOY(POUIIMEHTOB MOXKET
u He ObiTh. Ilon mpenenoM MOHMMAaETCs TaK Ha3bIBaGMbIM BEPXHHUU Mpeaen
MOCJIEA0BATEILHOCTH, TO €CTh HAaUOOJIbIIIas TIPEIe/IbHAS TOYKA.

B teopuu ¢yHKIMI BEIIECTBEHHOTO MEPEMEHHOTO CTEIICHHBIC PSbI UTPAIH
OOJIBIIIYIO POJIb; B HUX PaCKIaAbIBAIM (PYHKIIUHU BEIIECTBEHHOTO MEPEMEHHOTO.
N xnroueBoir gopmysoit 3nmech Oblia dopmyna Telnopa, MO3BOJISIONMIAS
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MOCTABUTh KaX10i 6eckoHeuHO-Tu(depeHInpyeMoi (PyHKIIUN B COOTBETCTBHUE

crenennoii psin — psx Teitnopa, umeroumii Bux: » ¢, (z-2,)'
n=0

Teopema (Teopema Teiiopa). OyHKIMA f(z), aHaJUTHUYECKass BHYTPHU

prra |Z—ZO|< R, MOXKET 6I>ITB HpCI[CTaBJ'IeHa B O3TOM prre CXOOAIIUMCS
o0

CTCIICHHBIM piIIlOM ch Z—Z , l'IpI/I‘IéM 3TOT pSIIl onpezlenéH
n=0

OJTHO3HAYHO.

Hoxazamenvcmeo. BpibepeM MNpPOU3BOJIBHYI0O TOYKY Z BHYTPU Kpyra
|Z - ZO| <R m noctponm okpyxknOcTh C, € IEHTPOM B TOUKE Z, paauyca p <R,
KOTOPBII cozepskan Obl TOUKy Z BHyTpH (puc. 16).

Touka Z — BHYTPEHHSISI TOYKa OOJIACTH |z - Zo| <p,
B Heil ¢ynkuus f(z) no ycnouio Teopembl
aHanutuueckas. CnegoBatenbHo, 0 Gopmyne Komm
1 Dj f (g )dg
zﬂjcp (g-—Z) ' Puc. 16. Bsaummoe
PacCIIOJIOKCHUEC ZO )

nonysaem: f(z)=

B MNOABIHTCIPAJIbHOM BBIPA’KCHUKW  BBIIIOJIHUM

ZUug
npeoOpa3zoBaHue:
n
1 1 1 1 & z2-1 -1,
= . = Z , TaKk Kak <1, m,
§—Z ¢-2, _%7% ¢-Z;no\§— 1 §—1I4
¢~
1
CJIEIOBATEIIbHO, MBI MOKEM PAa3JIOkKHUTh BCIO PpOOb ————— B OECKOHEYHO
1-2_"%0
¢~

yOBIBAIOIIY 0 T€OMETPUYECKYIO ITPOIPECCHIO.
Hoctpoennslit psa Ha okpyxHoctd C, (To ecth mpu ¢ €C ) cxomures

|z—zo|
n+1

PaBHOMECPHO 110 & , U €TI0 MOXXHO OLICHUTH CBCPXY psAaAOM Z
n=0

Hoxcrasmsas B dopmyny Komm  f(z)= 1_ [lj fe)ds , TIOJIydYaem
27l ¢ (g — Z)
1 f(<) n
coorHomenne: f(z)= —dg(z-2,)". 3amernm, uto (z-12,)

21 5 (e - 2,)
HC 3aBHUCHUT OT BCJIMYHNHBI g , 1 MOXKECT 6BITI> BBIHCCCHO 3a 3HAK I/IHTeraJ'IaZ

f(2)= mﬂi}( —zo)n@%dg.
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— dg 0003HauMM 3a C,, TOrJa psijl NPUMET BH:

O
©
—~
"
I
o
~

f(z)=icn(z—zo)n .

3aMeTI/IM, 4TO OKPYKHOCTb Cp MOJXHO, B CUIIy TCOPCMBI KOHII/I, 3aMCHUTDH

MOOBIM 3aMKHYTBIM KOHTYPOM, JIeXKAIMM BHYTPH Kpyra [Z—Z)|<R mu
COJICpIKaIIM TOYKY Z, BHYTPH. B cHily mpOM3BOIBEHOCTH BBIOOpA TOUKH Z PAX
cxomutcs Kk f(z), mpuuém B kpyre |z - Zo| <R cxonmutcs paBHOMEPHO.

EnMHCTBEHHOCTH pa3iioKeHUsl pEKOMEHYETCsl JOKa3aTh CAMOCTOSTEIBHO.

1. Bonpocsl AJ1sl CAMOKOHTPOJIS:

1. Yto Takoe KpUBOJIMHEHHBIM WHTErpajl BTOPOTro poaa (KpUBOIMHEHHBIM
WHTETpaJ Mo KoopAauHaTam)?

2. ®opmyna ['puna.

3. Kak BBecTH mapaMmeTpu3anuio B KPUBOJIMHEHHOM HHTETpajie BTOPOTO
pona?

4. ®opmyna Komm.

5. Ins xakux ¢pyHkuuii npumenuma gopmyna Komum?

6. ®opmyna Komm 1151 crapuiux mpon3BOIHBIX.

7. Chopmynupyiite TeopeMy Mopepa.

8. Chopmynupyiite Teopemy JInyBusis.

2. Boluucjnre MHTErpaJl, noJjb3ysachb popmynoii Komm:
e'dz
72 +1

IIpumep. Brruuciaute uHTerpani, noib3yscek popmysnoit Komm:
|z-i}=1
Pewenue. BbisicHUM, €CTb 1M TOYKM, B KOTOPbIX HapyliaeTcs
AHAJIMTHUYHOCTh (DYHKIIMM MOJ 3HAKOM HMHTErpaja BHYTPU 33JaHHOTO KOHTYpA.
Tak kak 00JacTh KOHYEHA, TO CJIOKHOCTH MOTYT BO3HHKHYTh TOJIbKO TOTJA,
KOI'/Ia 3HaMeHaTellb oOpamiaercss B HyJb. BhISICHUM, MPU KakuX 3HAYEHHUSX OH
oOpaiaeTcsi B HyJlb M TMONAAAIOT JIM KaKUe-TMOO W3 ITHX 3HAUYECHUN BHYTPb
3aJIaHHOTO KOHTYpa.
3HaMeHaTedb MMeeT BHA: Z°+1, OTTyZa HECIOXKHO BHAETb, UTO, €CIH
Z==i, TO aHAJUTUYHOCThH MOJBIHTETPAIBHOTO BbIpaKEHHs Hapymiaercs. 3
IBYX 3HAU€HUH Z, =—1 U Z,=+| BHYTPU Kpyra |Z—i|£l HaXOAUTCS TOJBKO

z, =+i. CnenoBatenbHO, popmysioil Ko MoKHO BOCIIONB30BaThCS TaK:
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eZ
e’dz e’dz [ﬁ (z J e’

ei
dz=271——| =27i——=
a2l .\1(Z+' (z-i) o (z- Z+i|, i+
= 27Z'| 2— = 7Z'ei .
[
88. gdz : 89. (zz_ﬁ; 90. s:n £ dz ;
‘Z‘=0,5 -1 ‘2_2‘:1 7"+ 62 + 8 ‘Z+ei”/4‘=l VA +1
. .
oL 2%z 92 Cos zdz ; 03, (z—i)dz |
3 ! 2 2
1 Z -1 zsil-t £ +1 k2 £ +1

3. Bbluucaure  uHTerpaJjg, mouab3ysich d¢opmyaoii  Komm s
NPOU3BOIHBbIX:
Ilpumep. Breiuucnute wuHTErpan, nois3ysick Qopmynoi Komm s
e’dz

3

POU3BOIHBIX (PYHKIIUU:
2=t
Pewenue. BplsiIcHUM, €CTb 1M TOYKM, B KOTOPBIX HapyllaeTcs
AHAIMTHUYHOCTh (DYHKIIMM MOJ 3HAKOM HMHTErpaja BHYTPU 33JaHHOTO KOHTYpA.
Tak kak 00JacTh KOHYEHA, TO CJIOKHOCTH MOTYT BO3HHKHYTh TOJIbKO TOTJa,
KOI'/Ia 3HaMeHaTellb oOpaliaercss B HyJb. BhISICHUM, MpU KakUX 3HAYEHUSX OH
oOpamiaercss B HyJb M MONAJAIOT JIM KaKUe-IMOO W3 ATUX 3HAYECHUW BHYTPb
3aJIaHHOTO KOHTYpa.

3HaMeHaTeIb UMeET BH: Z°, OTTY/[a HECIOKHO BHAETH, uto, ecin Z =0, T0
AHAJIMTUYHOCTh MOJBIHTETPAJIBbHOTO BBIpaKeHUs Hapymaercs. Kpome toro, B
3HAMEHATEJIE ATO BBIPAXKEHHUE CTOUT B TpeThel creneHu. ClienoBaTesbHO, I
peLIeHus 3a7a4yu HY>XHO BOCII0JIB30BaTbCs bopmynoi Komm
o)y ! i f(s)
f (Z) 27“ C(g_z)m—ldg'

z

Oyuxums  f(z)=e*, cremens Tperhs, nosromy mo ¢opmyne Komn

Zdz (ez) € z=0 E
L2 22
z=0
04 (z +l)dz_ 95 dz . 96. m sinz
. 2505 AR A [ 2(2—2)3 , 2| 1 Z +1
97 3Zd2 . og. i COS Zdi ’ m e’dz
w1 (2°-1) ia(z+1) e (22 +1)°




Paovl ananumuueckux ¢ynxyuii. Ipumepot

Panee mb1 paccmotpenu psiabl Teitnopa. Beimoaaum pasnoskenue GyHKIIUN B

1
. OTa QyHKOus
1+7z

dHAJIUTUYCCKAasl Ha BCGI7'I KOMHJ’IGKCHOﬁ IINIOCKOCTHU, HCKJIIO4Yasd TOYKH z =i nu
Z=-l.

psin Teitnopa. Jlns sroro BeGepem Qynkmmio f(z)=

Ipumep. Paznoxum B psng Teinopa ¢yHKIHIO f(Z)z >. Cnauana

1+7z
pPa3IOKUM ATy (YHKIIUIO B Kpyre |Z|<1. g 3TOr0 OTMETHMM, 4YTO CymMMa

reoMeTpuueckoii mporpeccun 1+ X+ X 4.+ X" +...= T rie  |x|<1,
—X
CJICIOBATENIbHO, MBI MOXEM (DYHKIIMIO PacCMAaTPHBATh KaK CyMMY MPOTPECCHH
Cco 3HAMEHATEIICM ~7°. Takum 00pasom, TOJTyJaeM:
1 00
f(z) =1-22+2'—..=) (-1)" 2.

1472 e
1

Z2

Teneps BbIMONHUM pa3iokeHue GyHkipn f (Z) = 1 B KpyT€ ¢ LIEHTPOM

B e/HmIe, T.e. ecin |2 —1 </2. V106HO pasiokuTs IpoGh Ha CyMMy U3 JIBYX

JIpo0ei, KaXAyH M3 KOTOPBIX HECIOXKHO 3aTeM pasJIoXKUTb B psan Tewsopa:

1+2° 2ili—-z i+z
Cllydya€ MOXXHO BBIMIOJHUTh M HEMOCPEJACTBEHHO, TOJIB3YSICh (GopMyIion
Teinopa. B pe3ynbrare nmoayunm psi;

1 13 n 1 1 n
==3(-1 - ~1)".
1+22 2| n=0( ) n (Z )

(1-i)" (1+i)

T T
) —i= . i—
VuurteiBas, uro 1—1 = \/Ee 4o 1l+1= \/Ee 4, mojy4aeM:

11 (_1)nsin((n+1)Zj(z_l)n.

1 1( 1 1 o
—— +—— |. Paznoxenue kaxaou IpoOu Mo OTACIBLHOCTH B 3TOM

2 " A n+l
1+z° 2163 52

Cheocmeus

N3 dopmyner Komm crnemyeT, 4To, 3a7aB aHATUTHYECKYIO (DYHKIUMIO Ha
3aMKHYTOM KPHUBOM, Mbl MOYKEM BBIYMCIATH €€ 3HAYEHUS TAKKE€ U BCIOAY B
o0JylacTh, OTpaHUYCHHOU 7TON KpuBOoW. CiemoBaTesibHO, YTOOBI OINpEISTUTh
GbyHKIUIO B 00J1aCTH, BOBCE HE 0053aTEIBbHO 3a/1aBaTh €€ B KaXKJIOH TOUKE 3TOU
00J1acTH, TOCTATOYHO 3a/aTh €€ Ha HEKOTOPOM MHOKECTBE TOYEK.
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Onpenesnenne. Touka 2z, Ha3bIBACTCS HYIEM AHATUMUYECKOU (QYHKYUU
f (Z), eciu f (ZO)=O.

Omnpenenenne. Ilyctb B Touke Z,, Hyle aHanutuyeckoil pynkumu f(z),

0°
cymectByeT pasnoxenne ¢ynkuuu f (2) B psix Teitnopa f (z)= icn (z-2,)".
n=0

Touka z, HasbiBaercsi wyrém Qynkyuu f(z) nopaoka K, ecin Bee

KOG GUIHEHTBI C;, ¢ HYJIEBOro 10 K-ro BKIIOYHTEIBHO, PaBHBI HYIIIO:

>
Co=0C=Cp=..=C.

U3 ompezenenust cienyer, 4to B Hyie nopsaka K ¢yrkumio f(z) moxso
npezncrasuth Tak: f(z)=(z- Zo)k 9(z), rae 9(z,)#0.

Teopema. ITycts ¢ynxuust f(z) sBnsercs anammmnueckoii B obnactn D n
oOparaetcst B Hyab B pasnuuHbix Toukax z, €D, k=1,23,... Ecmu
IOCIIE/I0BATENbHOCTD TOYEK {Z,} CXOOMTCS K IpeAely Z,, IPUHaUIeKAIIEMY
TO e obmactu, To Gpyrkuums f(z) ToxnecrsenHo paHa Hymo B oGnactu D .

Hoxazamenbcmeo. Touka 7, TPUHAICKUT OOJACTH AHAIUTUYHOCTU
(QyHKIMH, CIenoBaTeIbHO, B TOYKE Z, MOXKHO BBIIOJHHUTH pPa3lIOKECHUE

= n .
bysxman f(z) B pan: f(z)=) c,(z2-2,) , npuaém pammyc R cxomumoctu
n=0
ITOTO Psijia HE MEHBIIIE, YEM PACCTOSIHUE OT TOUKU Z, JIO TPAHUIIBI 00JIACTH.
PaccMOTpUM ~ IIOCIENOBATENBHOCTE TOYEK {Zf M  COOTBETCTBYIOLIYIO
TI0CJIEOBATENLHOCTD {f (z, )} 3aMeTHM, YTO BCE YIEHBI IIOCIIEN0BATENLHOCTH

{f(zk)} paBHbl HYJIO, TaK KakK BCeE {Zk} — Hymd (QyHKIIUU f(Z).

CrneoBatesbHO, B Cuily HENPEPBIBHOCTH, COOTBETCTBYIOIIAs
MOCJICIOBATEIbHOCTh 3HAUCHUH (QYHKIIMN CXOAMTCS K HYIO, TO ecTh f (ZO) =0.

CnenoBarenbHO, Z, — HyJb ()yHKIIMU, M OHA MOXET OBITh IIPEJCTABICHA B BUJIE:

f (Z) = (Z — ZO)(p(Z) . A 3T0 o03Ha4aer, 4yTO KOXPPUUHUEHT ¢, B pAdy
f(z)= icn (z—2,)" pasen Hymo.
n=0

Tenepr 3amerum, 49to (QyHKIHSA go(z) — TaK)K€ HENpepblBHA U TaKKe
oOpaimiaercss B HyJIb BO BCEX TOYKaX {Zk} . CnenoBaTenbHO, MOBTOPSISL BCE
MPUBEIEHHBIC BHILIE PACCYKICHUS, TOITYUYUM, YTO (p(z) = (z — zo)g (z), TO €CTh
K03 puuueHT ¢, =0. DTH paccyKIEHUsI MOKHO ITOBTOPUTH JIF000€ KOJIUYECTBO
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pa3 M MOIy4uTh, YTO Bee Kodpduiments pana Teiinopa f(z)=> ¢, (z- Z,)"
n=0

paBHBI HYJIO. A 3TO O3HAYAET, YTO U cama (PYHKIHS — TOXKJACCTBEHHBIN HYIb.
CaencrBue 1. Jlto0asi He paBHAs TOXKIECTBEHHO HYJNIO (PYHKIIMS UMEET B
3aMKHYTOM OrpaHUYEHHOM 00JIaCTH TOJIBKO KOHEYHOE YHCIIO HYJIEH.
CuneacrBue 2. Eciu Touka z, — Hylb OECKOHEYHOIO MHOpsIKA (YHKIUH

f (Z) , TO GYHKIHUS €CTh TOXKIECTBEHHBIN HYIIb.

CaencrBue 3. AHanuTuuyeckas QyHKIUS MOXKET UMETh OCCKOHEUHOE YHUCIIO
HYJIEW B OTKPBITOW WM HEOTPAHUYEHHON 00JIaCTH.

Caencrue 4. ITycts dpyuaximm f (Z) ug (Z) ABJISIFOTCSI AHATUTUYECKAMU B
oomactu D. Ecniu B D cymecTtByeT cxopsmascss K HEKOTOpoil Touke z, € D
MOCJIEIOBATEIBLHOCTh PA3JIMYHBIX TOUEK {Zk}, B KOTOPBIX 3HAYCHUS (YHKIIUN
f(z) u g(z) comanator, To f(z)=9(z).

CaencrBue 5. Ecu ¢pynkuun f (Z) ug (Z), aHanuTHueckue B oodjactu D,

COBIIAJIAIOT HA HEKOTOPOU KpUBOM L, TO OHU TOXKIAECTBEHHO PaBHBI B 00JACTH
D.

Caexcreue 6. Ecom  Qynxkumn  f(z) wu  g(z), amanuruueckue B
COOTBETCTBYIOIIMX obOnactax D, u D,, Takux, 4ro y HHUX €cTb oOuias
nogobnmacte D=D, (1D, #<, coBmamator B obmactu D, 1O cymectByer

€UHCTBEHHAs aHaJuTUYecKas byHKIUSA F ( Z) , TaKas, 4TO
f(z), zeD

F (Z) — ( ) € 1 .
9(z), zeD,

3. AHAJIUTHYECKOE MPOI0IKEHH e

Inemenmapuvie YyHKUUU KOMNIEKCHOU NEPEMEHHOT

Ponp aHAIMTHYECKOTO MPOJOJKEHHS, TOCTPOEHHOTO HAMU PaHEE, CIOXKHO
NepeoLeHnTh. Tak, ¢ MOMOUIBI0 AHAIUTUYECKOTO MPOJOJIKEHUS MOKHO B3SITh U
OPOAODKUTh Ha KOMIUIEKCHYIO IUIOCKOCTh C BEIIECTBEHHOW OCH (YHKLUHU
BELIECTBEHHOTO nepeMeHHoro. Bc€, uto ans atoro Tpebyercs — 3aMEHHUTH B

psage Teilopa BelleCTBEHHbIE MEpPeMEHHbIE HAa KOMIUIEKCHbIE. CKaxeM, ITyCTh
© 2n-1
o . 1 X
ecth panx Teitmopa mas cuHyca: SinX= E (—1)n+ W Torga ¢yHKIMIO
- n—
n=1 -

CI/IHyca MO>KHO HOHyT'II/ITB " C ITIOMOIIBKO KOMIIJICKCHOI'O HepeMeHHOFO, 3aMCHHB
0 2n-1
Z

R n+1
BGHIGCTBGHHYIO HepeMeHHYIO Ha KOMHJ’ICKCHYIO. SInz = Z(—l) _(2n _1)| .
n=1 -
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CBoiicTBa CHHYCOB TP 3TOM COXpPaHSIOTCS, TaK Kak psAx OCTaHETCs
HEU3MECHHBIM.
[IpuBeném TabiIHIly OCHOBHBIX PSAJIOB:

Inz = i(—l)””ﬂ;

n=1 n

> 1-3-5-...-(2n —1)22n+1

S 2"-nk(2n+1)

Coxpanenue (GpopM 3anucu CBOMCTB rapaHTUPYET CIEayIolas TeopeMa:
Teopema. Eciiu ¢pynkiun f, (Z) SBJISIIOTCS. AHATUTUYECKUMU (PYHKIUSIMU Z

arcsinz=z+

B obmactu D, comepxkaweii orpesox [a;b] Bemectsennoit ocu, TO W3
cooTHoIIeHusT F [ fi(X),..., T, (X)] =0 mpu Xxe[ab] cmenyer coornomenue
F[fl(z),..., fn(z)] =01 zeD.

CxopHas TeopeMa eCTh JUIs TPOU3BOIHBIX 3TUX (yHKIHI [6].

CrnenoBaTeNibHO, BCE  COOTHOIIECHUS, TOCTPOCHHBbIE ISl  (DYHKIIHIA
BEUIECTBEHHBIX MEPEMEHHBIX, IEPEHOCIATCS Ha clydyall KOMILUIEKCHOTO
MEePEMEHHOTO JIJIs aHajiora ATUX (PyHKIM 6€3 KaKuX-Tu00 N3MEHEHUH.

CkaxeM, SiN®X+C0s°X=1 TOYHO TaK K€ 3amHIIeTCs JUIi KOMIUIEKCHOI
IIEPEMEHHOM: sin®z+cos*z=1. dopmyna CHHYCa CYMMBI
sin(x, + X, ) =sin(x,)cos(x, )+ cos(x, )sin(x, ) npumer Bux:

sin(z, +z,) =sin(z,)cos(z,)+cos(z,)sin(z,)

U TaK Jajee 0e3 KaKoro-jin0o0 U3bATHUS.
Omoopasricenus

OYHKIIMM BEIIECTBEHHOW TMEPEMEHHON OCYIIECTBISIIOT OTOOpaKeHHE
YYaCTKOB BEILECTBEHHOW OCH, Ha3bIBAEMbIX 00JIACTBIO OmpesesieHus: (PyHKUUH,
Ha HEKOTOPOE MHOXECTBO — 00JaCTh 3HAUeHUH BemiecTBeHHOW GyHkuuu. Eciu
B35Th NApy YHMCEN — YUCIO U3 O0JIACTHU OMNpPEAENICHUS U COOTBETCTBYIOIIEE MY
YHCJIO U3 00JIACTH 3HAYEHUS U IOCTPOUTH TOUKY Ha MJIOCKOCTH, TO MBI MOJTYyYUM
rpaduk GyHKIIUH.
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OyHKIMUSA KOMIUIEKCHOTO TEPEMEHHOT0 OCYIIECTBISIET OTOOpakeHUe
o0JacTu ompeeeHus Ha 00J1acTh 3HAYEHUH, HO, TAK KaK Ka)J10€ KOMIUICKCHOE
YUCJI0O COOTBETCTBYET Mape BEUIECTBEHHBIX, TO CTOJIb MPOCTOE COOTHOIIICHHE
MOCTPOUTh, KOHEYHO, He ynactcs. Ho MoXHO ykaszaTh, Kak OTOOpaKkaroTCs
HEKOTOpPBIE 00JIACTH TEMH WJIM MHBIMH (DYHKIIUSIMUA KOMIUJICKCHOM ITEPEeMEHHOIA.

N-asi cTeneHb.

27
CekTop, 3a7aBacMblii YIJIOM ¢ =—— OTOOpa)KaeTCS Ha BCIO KOMILICKCHYIO
n

mIockocTh (puc. 17 a, 0).

im2 7 %

¢=2m/n Re z /A
Puc. 17. Orobpaxenus
a) MCXOIHBII CEKTOP Ul OTOOpaXKeHus Z" 0) pesymbrar OoTOOpaXkeHHUs Z' — BCA
IIJIOCKOCTH c BbIOPOILIEHHOM

MOJIOKUTEIbHON IIOJIYOCBIO 8.6CLII/ICC

IIpu sTOM 00a dyya yria 0ToOpa)karoTcsl Ha Y4acTOK, BBIACJICHHBIN KUPHOM
JMHUEH Ha PpUCYHKE (TO €CTh Ha MOJOKHUTENBbHYIO YacTh ocH abciucc). Camo xe
HavaJl KOOPAMHAT OCTAETCS HETIOIBUKHBIM.

3amMeTuM, 4TO KOPEHb N -0l CTEMEHU BBIMOJIHAECT 00paTHOE OTOOpakKeHHE.

Iokaszareanbnass ¢Qynkuus  e°. TlokasarensHas QyHKOMS — Oyner
0TOOpakaTh TOPU3OHTANBHYIO MOJIOCY Ha BCIO YHUCIOBYIO TUIOCKOCTB. [Ipu aToM
JVMHUH, OTPAHUYMBAIONINE TIOJIOCY, OTOOPaKalOTCS Ha TMOJIOKUTEIBHYIO YacTh
BeIleCTBeHHOM ocH (puc. 18).

2 7 %

2n

. %

0 Re z

Puc. 18. OTO6pa)KCHI/ISIZ a) HUCXOJHAasA  HCOpAaHUWYCHHAA  TOPU3OHTAJIbHAA ImoJjioca,

6) pe3yiabTaT OT06pa)KeHI/I$I TOpI/I30HTaHLHOI>'I IIOJIOCHI C TIOMOIIIBIO OTO6pa)KeHI/IH ez

OO6paTtHOE 0TOOPAKEHUE BBITIOTHSIET JIOTaprUdM.

CHHYC W KOCHMHYC OTOOpaXarOT BEPTHKAIBHYIO TOJYIOJOCY Ha BCIO
KOMITJIEKCHYO TJTIOCKOCTH U T.I.

[Mycts ects aBe dynkiuu f (Z) u g (Z) , KaKIas U3 KOTOPBIX SIBISICTCS

aHAIMTHYECKOH B cBoeil obmactu: f(Z) ananuruueckas B o6mactu D, g(z) —
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aHanuTH4eckas B oonactu D, . IlycTe OHM COBIAnaroT APYr ¢ APYroM B OOIIEH
yactu obnacted D, u D,, To ecth B obnactu D, =D, (1D,. Torna Bo Bceit

f(z), zeD,

9(z), zeD,
o0LLe YaCTH MOXHO I0JIB30BAaThCs 1000 U3 a1ux ABYX Gynkumii — f(z) u

obmactu D=D,UD, moxHO moctpouth byHKImio F(z)=

g (Z) B OTOM YaCTH COBIIAJIAXOT.
Cutyauuss CTaHOBUTCS XyXe, ecnu B obumei obmactu D, =D, (D,

byHKIAHA f(Z) U g(Z) paznuunbl. Toraa QyHKIUIO F(Z) MO>KHO TOJIyYHUTb

JIBYMSI CTIOCOOaMM:
f(z), D f(z), D, \D
Fl(z): (Z) zeby (Z) zeb, 12
9(z), zeD,\D, 9(z), zeD,

CnenosarenbHo, pyHkums F (Z) MOJTy4aeTcsi MHOTO3HAYHOM B 00IIeH JacTu

nm F(z)=

D, =D, D,, u MBI BBIHYXACHBI OyneM BHIOMpATh TO WJIM HHOE 3HAUYCHHE
(yHKUUH U3 IBYX BO3MOXKHBIX.

YroObl pemnTh MpoOIeMy, UCIONB3YIOT MOHATHE BETBH (yHKUUH. MOXKHO
CUUTATh, 4TO (DYHKLUSA F(Z) umeer B obnactu D, =D, (1D, nBe BerBH —

F(z) u F,(2).
Opnako MOPUHSATO JAeNaTh MO-APYroMYy: Mbl OyJIeM paccMaTpuBaTh OJHY
byHKIIHIO F(Z), HO 3aJlaHHYI0 Ha OoJjiee CII0)KHOM MHOTO00Opa3uu.

Muoroo6pa3sue 310 cocroutr HM3 obsmacter D, m D,, KOTOpbIE CKIEEHBI IO
MHoroodpasuto D,,. A camo MHOkecTBO D,, JONOJHUTEIBHO IOAKIEEHO» K
obnmactu D nBaxapl. [lomydaeTcss MHOrooOpasue U3 ABYX CKJICEHHBIX JUCTOB:
obnacte D — mepBblit sucT, U obsacte D, — Bropoil u Tpetuil. YTto kacaercs
bynkun F (Z) , TO OHa TIOCTPOEHA Ha BceX Tpéx aucrax. Ho Ha mepBom iucTe B
oomactu D,, ¢ynkumm f (Z) u g (Z) COBIIQJIAI0T, Ha BTOPOM — TOJIBKO
sHavyeHus pyHkuun f (z), Ha TPEThEM — TOJIbKO ( (Z) .

[loctpoeHHas TakuM 0OOpa3oM MOBEPXHOCTh HA3BIBACTCS HOBEPXHOCMbBIO
Pumana.

1. Bonpoch! AJisi CAMOKOHTPOJISA:

1. Yro Takoe psg Teitnopa? Psaapl KakuX OCHOBHBIX 3JIEMEHTaPHBIX
¢bynkuuii Bel 3Haere?

2. YUto Takoe HyJb aHanuTuyeckol pyHkuuu? Yto Takoe — mopsaok Hyss?

3. Kak MOXHO MOCTPOUTH aHATTUTUYECKOE NPOAOIKEHUE QYHKIUU?

4. TloBenenue psifa BHYTPU Kpyra CXOJUMOCTU U BHE Hero. Kak Benér ceds
PAIl Ha TpaHULEe Kpyra CXOIUMOCTH?
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5. Kakast cxomumocts psiga — paBHoMepHasa? K kakod (yHKIIUH CXOJIUTCS
PABHOMEPHO CXOJSIIUICS psia?

6. Kakue neicTBUS MOXHO BBIMOJTHUTH C PABHOMEPHO CXOSIIMMHUCS
psanamu?

7. Chopmynupyiite  teopemy  Beliepmitpacca 0 MaXOpHUpPOBaHUU
(YHKIIMOHAJIBHOTO PsI/1a YUCIOBBIM.

o0
. n _n
HpnMep. HaI/II[I/ITC pam/lyc CXOOINMOCTHU p;ma Z_n Z .
n=1
PemeHue. HCCJ'IO)KHO BHUICTD, yToO HpCI[J'IO)KCHHLIﬁ prI[ ABJISICTCA
CTCIICHHBIM. CJIGI[OB&TGJIBHO, HCCIIOKHO HaﬁTH pazmyc €ro CXOOAUMOCTHU C

nomoibo Gopmyinsl Janambepa: n . Tak xak k03¢ dUIHUEHTHI psiia

n_)OOCn+1
n
Cn=?,T 0C,, 2n+1 , OTKyZa
n
¢ . on . (n 2)Y ([ n 2".2 _( n
R=lim— =Ilim 2 =lim —— =lim — =2lim| — |=2.
n—>ooCn+1 now N4+1  now 2 n+1 n—owo| 2 n+1 n->o\ N+1
2n+1

Hrak, ecan |Z| <R =2, 10 psan cxogutcs, eciu |Z| > 2, TO pSIJT PaCXOIUTCS.

BpisicHUM, 4TO TPOMCXOAUT HA rpaHune pana. [ng sroro mpencraBum
KOMIIJIEKCHOE YHCJIO Z, Takoe, 4YTO €ro MOIyJb paBeH 2, |Z|:

noxasarensHol popme: z=2-€"”, rae yron ¢ €[0;27], n noacrasum B psn. B
pe3ysbTate nonquM COOTHOIIICHUE:
— _~on i
5 Z H(2:¢7) —Z 2" Z” e”
n=1 =1 —1
HecnoxxHo BUAETh, YTO TaKOM psI HE YIAOBICTBOPSIET HEOOXOIUMOMY
npusHaky cxoaumoctu psana: lima, =0. bonee Toro, Moxynb ujeHa 3TOToO

n—oo
YHCJIOBOIO Psiia HEOIPAHUYEHHO pacTET. TakuMm o0pa3oM, BCIOAY Ha I'paHULE
PAI pACXOAUTCH.
2. Haiinure pagumyc cxogumoctu psiaa. Ecam Bo3Mo:kHO, ucciaenyiiTe
rpaHMILy prra CXOJAUMOCTH:

100. 32 101 32 102. 3 n"z";
1 N o Nl =

103. Zn_z 104. iz”z ; 105. izz" ;
n=1 n=! n=1

106. (3+(-1)' ) 2"; 107 3 (3+(-1)")'2"; | 108. Y cos(in) 2"
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z
Mpumep. Pasnoxure B psix Teitnopa gpyrxuuto f(z)=——.

z-3
Pewenue. Tlpeobpasyem dynkimro f (Z) = LB :
Z_
f(Z): z :Z_3+3:1+ 3 :1+3-L Jlanpiie Bce  IEMCTBHS
z-3 z-3 z-3 z-3
1

OyJileM BBIMOJIHATL C (DYHKIHEH g(Z)z . Haitném mpousBoaHbIe J1H0O0TO

w

n)

Z
1\
nopsiika B Touke Z=0: g(n)(z) :(—3j . s aToro 6ynem BBIYUCISATH BCE
Z —

IMPOU3BOAHBIC ITIOAPAI:

0'(2) :[ZL_BJ ~((2-3)") =(~1)(~2)(2-23) " u rax zance.
(n)
HecnoxxHO BHIETH, YTO g(”)(z):tij :(—1)(—2)-...~(—n)(z—3)_n_1.

Cootsercrserto, " (0)=(-1)(-2)-...- (—n)(—3)_n_1 = (-1) ]

Tak xak psag Teimopa WMeeT BHI g(z):zg

(n) (-1) n! .

B) gy o33 o (3 Mo (3 2

1 &9
_3_22(;

Z— n n: n=0 n! n=0 n=0
1 z zz"
Yunrssas, uto f(z)=1+3-——, nomysaem: ——=1+(-1)> —.
z—3 z-3 =3

3. Pazyio:knTe ykaszaHHble (yHkuuu B psaabl Teilsiopa m ykakure
00J1aCTh CXOAMMOCTH IOCTPOEHHOI0 Psia:

1
109. sin®z; 110. Nz +i ; 111. ;
az+b
/4 : z
112, 5———; 113 ——; 114. ——, 7, =1;
z°-4z+13 (z+1) Z+2
115, 2 z,=1; |116. 2" 2 —0;  |117. Iz, z,=1
Z2°-27+5 1-7

51




AHanumuueckoe npooocenue yepes 2panuny

Tenepp pacCMOTpUM BaXKHBIM TPUEM, MO3BOJSIIOIMIMN  MPOIJOJLKUTH
aHAIMTUYECKYI0 (YHKIMIO 3a TpaHuily 00JacTd, rje oHa 3ajgaHa. s aToro
CHauana pacCMOTPUM Clydail, korna anamutudeckue yskumn f(z) u g(z)

3afaHbl B obnmactax D, u D,, umeromux

obomryro rpammmy I (puc. 19). 3amagum
ynKnuo F(z) B obnactn @

D=D,UD,UT caexnytomum o6pazom:
- B f (Z), ze D, UT Puc. 19. I'pannna ' mexmay
(Z)_ g(z) 7¢D Ur' obnacramu D, u D,
' 2
[Toxaxem, uto pynkuus F (Z) ABJIAETCS aHANUTHYECKOU B obnactu D . [{ns

3TOM LEeIW BO3BMEM IIPOU3BOJIBHYIO TOYKY Z, Ha rpaHuue I u moctpoum

OokpyXHOCTh C ¢ IEHTPOM B 3TOM TOYKE TaK, YTOOBI OKPYXKHOCThH HLEITHUKOM
nexaina Obl B oonmactu D . Paccmorpum muterpan Komm no BeIOpaHHONW HaMu

1 mF(g)dg.

27ziC c—12

okpyxHoctn: @(z)=

OtMmeTuM, 4TO TIOJIy4eHHAs B pe3yJbTaTe PYHKIUS — aHATIMTUYECKAS B CHITY
CBOMCTB MHTErpania tumna Komm.
Teneps gokaxkeM, 4To (PyHKIIHS (D(Z) TOXKJICCTBEHHO COBMAJAET C F(Z).

27ziC c—12

Jlnst aToro pa3oObEM HHTErpat (D(Z)z Ha JIBa HHTErpaia

CJIEAYIOIINM 00pa3oM:
1 (F(g)dg 1 F(¢)dg 1 F(s)dg

(2)=5=1 (_) - L (_) R (¢)ds

c—1 27TIC}_|_+)/ c—1 27l

3aMeTHM, 4TO Mbl J00ABUIM K KaXJAOMy KOHTYpYy 4YacTb TIpaHuubl [,
JICKAITYI0 BHYTPU OKPYKHOCTH. ITO BO3MOXHO, TaK KaK MbI OyJeM MPOXOJIUTh
9TOT YYACTOK TI'paHHIbl JABAXK/Jbl B JIBYX IIPOTHUBOIIOJIOKHBIX HAIIPABJICHUAX,
CJICA0BATCIbHO, HA MHTCTPAJI 9TO HC ITIOBJIHUACT.
1 j F (g ) d g
27i c—1

3aMKHYTBIﬁ H NOCINKOM JICXKHUT B obnacTn Dl’ CJICAOBAaTCIbHO, MBI MOXKCM

1. Dj F(g)dg: 1 m f(¢s)dg

- ——+ - Ecimu Touka zeD,, To TOrma
27l -7 27l —Z !
Cl+}/ g Cl+}/ g

c yic, 772

HNnTerpan

HCCJIOKHO BBIYUCIINTL, 3aMCTHUB, YTO KOHTYpP
C1+]/

3aIIMCaTb

9TOT uHTErpasn paseH f (Z) Ecnu ke HeT, TO TorJja MHTErpaj paBeH HyJIo.
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1 I F(s)ds 1 mg(g)dg

27i yic, S7 /4 27i

AHaJIOI"I/I‘{HO, HHTCTpal pPaBCH HJIA

9(z), wm Hymo. Cre0BaTeNIbHO, IIOTYaeM:
f(z), D,Ur

®(z)= (2). 2DV -
9(z), zeD,UT

JUist  wimocTpanuu  JaHHOTO  METOJla, MMEIOIIEero OoJbllIoe 3HayeHue,
IpUBEAEM HECKOIBKO IPUMEPOB.

F(z), uro u TpeGoBaIOCH TOKA3ATE.

Ipumep. Pynxums w=+/z. [Iyctb z ™MoOXxeT OBITh TNPEACTABICH C

o i(p+27n)
IOMOIIBIO TIOKA3aTeNbHON (YHKIMM KaK Z = pe

. Cormacno mnpasuiy

. i7¢)+2”n i((ngnj
M3BICUCHHS ~ KBaJPAaTHOrO  KOpHsA, W=re =./pe 2 =./pe :
HecnoxHo BUAETH, UTO YKMCIO N B MOKa3aTele KOMIUIEKCHON (PYHKIUU MOXKET
npuHUMath JBa 3HaueHus 0 u 1, ocranbHble OyQyT JyOIMpOBaThCS.

CrnenoBarenbHO, BeTBEH y QYHKIIMH W = \/; Oyner nBe.
BeibepeM Ty W3 HUX, 4YTO SBJISETCA AHATUTHYCCKUM IIPOJIOKCHUEM
i2
BEIIIECTBEHHOI0 KOPHsI, TO ecTh BeTBb ¢ N=0, T0 ecTh W:\/;e 2 Ipu 3TOM

IOl @ € [O; 272] , TO €CTh BCSl KOMIUIEKCHAsI TNIOCKOCT.

Hecnoxno BUJIETD, 4TO MOJ1yJIb
MOJYYCHHOTO 3Ha4YeHUs I (TO €CTh MOAYJIb W)
OyZeT  MpPOU3BOJIBHBIM  HEOTPHUIATEIHHBIM

YUCIIOM, a Majblil aprymeHT & :% Oyznet

NpUHUMATh  3HAYEHUS e [0; 7r] ,  4TO

COOTBETCTBYET  BEpPXHEH  TMOJYIJIOCKOCTH
(HEeCJI0KHO 3aMETUTh, YTO BTOPasi BETBb Oy/eT

\
\
\
.\ \\
Wm%_f

Puc. 20. CxienBanue

3a]1aBaTh HUXHIOKO MOJIYIUIOCKOCT). N
PUMAHOBOU IMOBCPXHOCTU IJIA
COOTBETCTBEHHO, pa3pe3 — TMOJIOKUTEIbHAS 4
o . Z
YacTh  BEIIECTBEHHOM OCH  KOMIUIEKCHOM
TIOCKOCTH.

Teneps 3amaquM @ € [27z;47r]. B stom cnydae & :g OyJleT HaXOJIUThCS B

IPOMEKYTKE §e[ﬂ;27r], TO ecTb OylIeT COOTBETCTBOBaTh HIKHEU

nosymiockoctd. CreoBareabHO, YTOOBI HAM MOJYYUTh OTOOPa)KEHUE Ha BCIO
KOMIUIEKCHYIO IJIOCKOCTh W, HEOOXOIMMO B3SITh JiBE MIockoctu Z. [Ipu sTom
pa3pe3bl y HUX OyAyT MPOXOJIUTH IO TOJOXKHUTEIbHOM YacTH BEIIECTBEHHOM
ocu. B3sB pasHble pa3pesbl, CKIEUM HX TaK, Kak moka3aHo Ha puc. 20 — cxema
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CKJICWBAHUS — MIPUBEEH [Tl KOPHS YETBEPTON CTEIIEHU, B HAIIEM CiIy4ae OyayT
TOJIbKO JIBa JiucTa (puc. 21).
Ipumep. Oyaknus W=Lnz. Ilycte z ™Moxer

OBITH npcacraBjicH ¢ IIOMOIIBIO MOKa3aTeIbHON

GyHKIMU  Kak Z:pe'((p+2”n). CornacHo mpaBuILy

BBIYHCIICHUS norapupma,
: — _

\N:rdézlnp+4n€@”;m):lnp+4(¢+2zn)1hmno

N B TOKa3zaTrejle KOMIUIEKCHOM  AKCIIOHEHTHI
NpUHUMAaEeT JroOble 1enble 3HadeHus. HecioxHo
BUJIETh, uTO, ecii N=0, TO I MBI IOJIYYUM MOJIOCY,
MapajuIeNIbHYI0 BEIIECTBEHHOM ocHu. CegoBaTeNbHO, Puc. 21. CkneunBanue
JUISL TIOCTPOEHUS TOJHOM IJIOCKOCTH W HaM OyaeT JBYX JIHCTOB Just 22
HEOOXOUMO  «IOAKJIEUTH»  OECKOHEYHO  MHOIO
KOMIIJIEKCHBIX IUIOCKOCTeN. lomydaromasicss puMaHoBa IOBEPXHOCTh PHUBEICHA
Ha pUCYHKeE 22.

Teneps paccMOTpUM NOPUMEPHI IPOJOJDKEHUS C IIOMOIIBIO CTEIEHHBIX
PSIOB.

Ipumep. Ilycts ectb psg I8 QYHKIUU:

0]

n o

f (Z) = Z Z" . HecnoxHo, NpUMEHUB paIuKaJIbHbBIN
n=0

npu3HaKk cxoauMmoctu Ko, yaoCTOBEPUTHCS, UTO
pAl CXOIUTCS, €Clu |Z|<1. B stom cnydae psn
1
CXOJIUTCS K (DYHKIUU f(z):l—. & »
_Z o . o - 5

Puc. 22. Pumanosa
MIOBEPXHOCTH IUIA
w=Lnhz

Bue xpyra [z|<1 pan f(z)=) z" Gymer
n=0

pacxogsmmmes, To ectb Qynkums  f(z) He
ONpeAEseHa 3a IpeaeaMu Kpyra |Z| <1.

[Torpobyem ompenaenuth GYHKIUIO 3a MpeaeaaMu  Kpyra. Bos3pmém
HEKOTOPYIO TOUYKY Z; BHYTPU Kpyra |Z|<1 (To ecTh |ZO|<1), U Tonpoodoyem

noctpouTts psin st hysxuun f (Z) 3a mpenenamu sToro kpyra.

o ) f(n)(zo)
Psan nmeer Bum: f(z):ch(z—zo) , TIIE Cn:T.
n=0 )
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Boluuciaum mpou3BOJIHBIE. f'(zo)z u 1.a. O6mas dopmyna

(1-25)°
IPOM3BOIHOM N-ro mopsiaka f (n) (Zo) = ;ml .
(1— zo)
5 2 (z-1, )n
CrnenoBatenbHo, psia Tetnopa npumet Bu: | (Z) = Z — .
n=0 (1 - Zo )

DTOT psif CXOAUTCS, €CIIN |Z — Zo| < |1— Zo| .
BriOupaeM B KadyecTBE HOBOTO IIEHTpa Pa3JIOKCHHUS KaKyl-ITHOO TOYKY
BHYTPU Kpyra |Z — ZO| < |1— Zp|, cTpouM HOBOE

pa3JIOKEHHE U TaK J1ajiee, oKa Mbl HE 3aliMEM BCIO
IJIOCKOCTh — KpoMme Touku Z=1. B sToit TOuke
GyHKIMS HE CYHIECTBYET U Bce €€ psAnabl OyayT

z 1 Rez
PacXOoIAIUMUCH.
3ameTnM, 4To Touka Z=1 Oyaer rpaHu4HOU
Uil JII000r0 M3 TIOCTPOEHHBIX HAaMU KpPYToOB Puc. 23. Pasnoxenue B
(puc. 23). DTa TOUKa MPEACTABISIET HHTEPEC, M MBI pan Teiinopa

PaccCMOTPUM €€ OTHEIIBHO.

Ilpasunvnuvle u 0ocodbvle mouKu AHATUMUYECKOU YHKUUU

[Mycts pynxmus f (Z) 3asaHa B oonactu D, orpaHnnueHHoil koHTypoMm I

Onpenenenne. Touka Z, €D HaswBaeTC npasunvhoii Mmouxoi gyHKyuu
= n
f(z), ecnn cymectsyer cxomsmmiicst crenennoit pan f(z)=Y ¢ (z-z) ,
n=0

KOTOpBIN B TOYKax mepecedeHust odomactu D um kpyra cxoammoctu |Z - Zo| <R
cxoautcs K pynkiuu f (Z)

CoOTBETCTBEHHO, T€ TOYKH OOJACTH Zj € D, KOTOpBIE HE SIBIAIOTCS
MIPaBUJIBHBIMHM TOUKAMH, HAa3bIBAIOTCS 0COOBIMU.

Ipumep ocoboit Toukn — Touka Z =1 pist dyskimn f(z)= %
~1

OTHOCHUTENIBHO 0COOBIX TOYEK U PSAOB QYHKIUNA KOMIUIEKCHOM NEpeMEeHHOU
CIIPABEJINBO CIEAYIOLIEE YTBEPKICHUE:

Teopema. Ha rpanuie kpyra CXOJUMOCTH JI€KHUT XOTs Obl OJHA ocoOas
TOYKA aHAJUTHYECKON QyHKImHu F (Z) , K KOTOpOH CXOAUTCS PAL.
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0
Hoxasamenvcmeso. IlycTb y Hac ecTb HeKOTOpbIH psx f (Z) = Z Ch (z - zo)n
n=0

s pysakun F (Z) [Tycts BepHO 00paTHOE, TO €CTh psii cxoauTcs B kpyre K

pamnyca R, HO Ha rpanmie kpyra K — okpyxnoct C HET HH OJHOW 0COOOM
TOYKH, Bce TOUKH ¢ € C — mpaBWIIbHBIC. DTO O3HAYAET, UYTO IS JIFOOOH TOYKH

¢ €C cymecrsyer takoe uncio p(g)>0, uro B obweit yactu kpyra K u

CBOETO0  Kpyra  CXOAMMOCTHU |Z - g| < p(g) COOTBETCTBYIOIIUNA  PsJT

gécn (g)(z—g)n CXOAMTCS K f(Z).

Paccmotpum QyHKIHIO p(g), onpenenéHHyo Ha okpyxxHoctu C (puc. 24).
BriGepeM [Be TPOU3BOJILHBIE TOUKH ¢; U &, , puHamiexkanme C, U JoKaKeMm,
YTO /IS HUX BEPHO COOTHOIIEHHE: |p(g1)— p(s, )| <|e1 - ¢,|. HeitcrBurensHo,
IlyCTh TO HEBEPHO, U CYIIECTBYET TaKO€ IIOJOKHTENbHOE 4uciao O >0, uro
p(s1)—p(s2)=|e1— 2|+ 5. Cnenosarensno, p(g)=|1—c,|+5+p(s,), 10
€CThb KPYT C LIEHTPOM G, COJEPIKUTCS B KPYTe C LIEHTPOM & -

Paccmorpum  psimet s Gyakuuu - f(Z) ¢
IIEHTPAMHM B 3THX TOYKaX:

W(2)=Yenl(a)(z-a)

n=0
n
f2 (Z) = Z Cn (gZ)(Z - gz)n . Puc. 24. PacnoioxeHue
n=0 Touek B kpyre K.

Kpyr cxoaumocTu BTOPOro psijia JEKUT BHYTPH
Kpyra CcXoauMoCTH IiepBoro psga. O0a psna
CXOJIATCS K OOHOM W TOW ke (DYHKIIMHU B OOIICH
qacTy, ceoBatenbHo, fy(2) ects ananmmTHueckoe Py P,

Paguycer  p; (g) 51

0, (g) 0003Ha4YeHBI KaK

nponomkenne Qynkuuu  f,(z). Cnenosarensno, B kpyre |Z—gy|<p(c)

omnpezeneHa aHanutudeckas Gynkuust fi(z), comagaromas ¢ f,(z). B cuny

TeopeMbl  Teiopa  orcroga  cienyer, 4TO  paauyC  CXOAMMOCTH
o0

f,(2)=> cr(s2)(z—¢,)" me wmembme, wem p(gy), a 5To mMpoTHBOpEUHT

n=0
HUCXOJJHOM TochlIKe. MTak,

p(1)- ()<l -
Tak kax | p(s1)—p(s, )| <|¢y, —¢,| — BepHo, TO dyHKIMA P(5) paBHOMEPHO
HenpepsiBHa Ha KpuBoil C . JIeliCTBUTENBEHO, COOTHOLIEHHE | p(s1)—p(s )| <&
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BBITIOJIHACTCS IS JTI000T0 Harepén 3aganHoro € >0, ecnu ToJbKO |g1 - g2| <¢g.
Tak kak QyHKUMS p(g)>0, TO OHAa OIPAaHWYEHA CHU3Y, U B CHIIy CBOEHU
HenpepeIBHOCTH  fgocturaeT Ha C  cBoeld TOYHOW HIDKHEW TpaHU
p(s)= p(s0)=po>0.

B cuny eQuMHCTBEHHOCTM  AHAJIMTHYECKOIO  IPOJOJDKEHUS  MOXKHO
YTBEpXKIaTh, YTO B Kpyre |Z—ZO|< R+ p, onpeaeneHa oJHO3HAuYHas
aHauTU4ecKass (QyHKIUS F(Z), coBrnajaromas ¢ QyHKIUEH f(z) B Kpyre

|Z - ZO| <R . CJIeI[OBaTCJ'IBHO, paanyc CXOANMMOCTHU MUCXOAHOI'O CTCIICHHOI'O pAda
> n

f (Z) = Z Ch (z - ZO) IOIKEH OBITh R+ py, YTO NPOTHBOPEYUT YCIOBUIO
n=0

TEOPEMBI.

CaeacrBue. Paguyc kpyra CXOOUMOCTH CTENIEHHOTO PANa OMPEACTACTCS
pPacCTOSIHUEM OT IIEHTpa CXOAUMOCTH JO Oikaiie oco0oi TOYKHA TOM
aHAMTHYECKOU (DYHKIIMH, K KOTOPOU CXOAUTCS PSI.

Ilonnaa ananumuueckas Yynkuyus

Omnpenenenne. Pynxuust F(z), monydeHHas myTéM aHaIMTHYECKOIO

MPOJIOJDKEHUS BJIOJIb BCEBO3MOXKHBIX IIEMIOYEK 00JIACTEH, BBIXOIAIIUX U3
obmnactu D; nmepBoHadanbHOIO 3aAaHus (YHKIHUU f(Z), Ha3bIBACTCA HOJHOU

ananumudeckou  @ynxyueu. EE  oOnacte  onpenesieHUs]  Ha3bIBACTCA
ecmecmeenHol 001acmvio CYWecmeo8anUsi NOJHOU AHATUMUYECKOU QYHKYUU.
Onpenenenne. Ecau obnacte D; TakoBa, 4TO BO3MOYKHO AHAIUTHUYECKOE

npoaookeHue  f (Z) Ha OO0JbINyI0 007acTh, TO GyHKIMIO f (Z) Ha3bIBAIOT
IeMeHMOM NOIHOU ananumuyeckou @yukyuu F (Z) :

Omnpenenenne. AHanmuTHueckoe mnpogomkenue f, (Z) byHKIIH fl(z),
3ajaHHOU B oOnactu D; Ha oOnacts D,, nmmeromeit ¢ D; obmyro yacte Dy,
OyaeM Ha3blBaTb HENOCPEOCMBEHHbIM — AHAIUMUYECKUM — NPOOOIHCEHUEM
dymryuu ().

1. Bonpocsl AJ15l CAMOKOHTPOJIS:

1. Kak aHaIUTUYECKH TPOJOJDKUTH (PYHKIIMIO Yepe3 TpaHUIly, UCIOJIB3YsI
dbopmyny Komu?

2. Kak npoaoikuth GyHKIHUIO ¢ TIOMOIIBIO psiia?

3. Kakas Touka Ha3bIBaeTCS MPaBUIHHOM?

4, Kakasi TouKa Ha3bIBae€TCsl 0CO00i?

5. Kak pacnionoxeHbl 0cOObI€ TOUKH Ha TPAHUIIE KPyra CXOJIUMOCTH psina?

6. Uto Takoe puMaHOBa MOBEPXHOCTH?
7. Y10 Tako€e TOUKA BETBICHUA?
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Hpumep. Oynkius f Z Z" pasnoxeHa B psj Teiiopa B OKpECTHOCTH
n=0

TOYKU Z=4a, IAe |a| <1. IIpu xakux 3HAYCHHUSIX @ 3TO PA3JIOKECHHUE MO3BOJSIET
AHAJTUTUYCCKH MTPOAOIDKUTH PyHKIUIO f (Z)?

Pewenue. 13 (bopMyJIbI Komm anst cxoguMocTu psiia HECIIOKHO BBISICHUTD,

qTo pPsan f ZZ CXOOUTCSA BHYTPU KpyTra | |<1 HpI/Iqu CXOIUMOCTH
n=0

paBHOMepHasi. CrenoBarenbHO, psA  OyleT CXOAUThCS K AHAIUTUYECKON
GyHKIMM;, OHa W3BECTHA, TaK Kak psAJg TMPEACTaBIsieT Cco00ll CcymMmy
reOMETPUYECKON Hporpeccpm 3HAMEHATENIb KOTOPO MEHbIIIE €AUHULIBL. TakuMm

oOpa3zom, f Zz
n=0

Tenepp paznoxum (byHKI_II/IIO BHOBb — YK€ B OKPECTHOCTH TOUKM Z=4a. B

1 (n) |

(n) n!

pesynmstate nmomyunmm: fUV(z)=| —| =—7. Tak kak g
1-z (1-z)"

paznoxeHuss B psia Teiiopa B TOYke Z=a HEOOXOAMMO BBIYUCIUTH

MPOU3BOJHBIC B TOUKE Z =@, TO MOJYUUM:

£ (5) = n! |
( ) (1_a)n+1
) o f(n)(zo) i
OTKyga, yuuThiBas (opmyny psama Teiinopa, f(z):ZT(Z_ZO) ,
n=0 '
MOJTyYaeM:
(=3 E o) ()= 3 )
= —_ — , HJIN = .
o n| (1_ a)n+l 0 s (1_ a)n+l

C nomomipto pagukaibHON Gopmynsl Koiu mostydaem, 4To psisi CXOIUTCS,

=01 <1, mmm |z - zy| <[l - a|. Taxum oGpazom,

€CJIM TOYKa @ HE JISKUT Ha BEIIECTBEHHON OCH, MbI MOIYYUM KPYT, BHIXOIAIIUN
32 paMKHM MCXOJIHOTO Kpyra CXOJUMOCTH, Z| <1. Ha yactp kpyra 3a npeneiamu

UCXOJTHOM 001aCTH CXOAUMOCTHU |Z| <1 MBI ¥ IPOJOIKUM (DYHKIIHIO C TIOMOIITHIO
Z -7
0
psAa f - Z n+1
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[e'e} n
2. CyMMa CTCIICHHOI'O pﬂna f (Z) = z— pa3J10>1¢eHa B pSIIl Tel“mopa B
n
n=1

1
OKPECTHOCTH TOYKH Z:_E. Ha KaKkylo 00J1aCTh ﬁyz[eT TEM CaMbIM

npopo.kena pynxuus f (z)?

(-2)°

n

o0
3. lokawute, uro pynxuns f(z)=>" MOZKeT ObITh MPOJ0JIKEHA
n=0

2 3
— 1-z 1-z
Ha 00JIBIIYI0 00J1aCTh OCPeacTBOM psiaa In2 — 1 5 Z_ ( ) - ( ) _

2.2 3.2°
0 n
4. lokasatb, uto ¢ynknus f(z)=) ~— sBisiercss aAHATHTHYECKHM
n
n=1
(2-2)'

o0
npoxokeHneM pyHkuun g(z)= Z N
n=1

2
Mpumep. Haittu nopsnok nyns f(z)=2z° (ez —1).
Pewenue. Bocrnonsdyemcsi crangapTHod (opmynoil pasiokeHus s
) ;2 4 /20

) z
nmokaszareilbHou QyHkIMu: €° =14+—+—+..+ +
i 2! (2n)!

2
B pesyiibTate noiyunm, 4to Bepaxenne f (z)=z° (eZ —1) IIPUMET BUL:
2 Z4 ZZn
f(z):Z2 1+ —+—+..+ +...—1|, caenoBarensHO,
2 (2n)!

) Z2 Z4 ZZn A 1 Z2 ZZn—Z
f(z)=z2° —+—=+..+ +.o. =2 =+ ==+ +.. .
207 (2n) TRRPT (2n)!

Takum 00pa3oM, MbI TOJTYUHIIH, YTO MOPSIOK HyJIs B Touke Z =0 paBeH 4.
5. HaiiTu mopsiikKu Bcex HYyJIeil:

121. 22 +9; 122. Zzzjg; 123, zsinz;

124, (1—ez)(22—4)3; 125.1-cosz; 126, (22‘”27)25”‘2;
Z

127. 1_?9 . 128. e97; 129. sin®z:

130. Si”;z; 131. sin 2*; 132. cosz®.
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4. Psip JlopaHa u M30J1MPOBaHHbIE 0CO0bIE TOYKH

Jlist mpencraBienus GyHKIIMW B BUJIE PSAA, €CITH B TOYKE €CTh 0COOCHHOCTh
Pa3NIoKEeHHs], Mbl HE MOYKEM 3amnucaTh oObIYHbIN psia Teisiopa, Tak Kak AJis HETOo
TpeOyeTCcsi HeMPEPbIBHOCTh (QYHKIHUU, @ HUKAKOW HEMPEPHIBHOCTH Y (DYHKIIUU
HeT. Ho MOXHO mnpencTtaBuTh (YHKIUIO B BHUIE CYMMbI OTPHUIIATEIIbHBIX
CTEeNeHEH, atomX 0cOOeHHOCTh. [71s1 aToM 1enu npumensiercs psia Jlopana.

)
Onpezle.ﬂemle. Psag Bupa Z Ch (Z - ZO )n , TJAC ZO — HCKOTOpad
N=—o0
(I)HKCHpOBaHHaH TOYKA KOMILICKCHOM IJIOCKOCTH, a C, — KOBq)CI)I/IL[I/IeHTI)I psaaa
Ha3s3vleaemcs pﬂ@OM ﬂopaHa.
HecnoxHo BUACTb, YTO pAA MOXKHO IICPCIIMCAaTb MU C  TOJIBKO
ITOJIOKUTCIIbHBIMU HHACKCAMH, TO €CTh B BUJIC:

ic (z-15)" Zc (z-12p) +Z
Nn=—o0 _ZO)

[Ipexne Bcero, BBISICHUM, KAaKOBa 06J’IaCTB CX0IUMOCTH psiia. OTHOCUTENBHO
MEepBOM CYMMBbI MBI MOKEM BOCIIOJIB30BAaThCS TOTOBBIMU pe3yanaTaMI/I: aTa

o0
4acTh psfa, Z C, (Z - ZO)n OyZeT cXOOuThCs B Kpyre paauyca R, =

) lim 1/
LIEHTPOM B TOYKEe Z;. BHyTpH Kpyra cXOAMMOCTH |z - Zo| <R, atoTr psan

0

CXOJIUTCS] K HEKOTOPO# aHamMTHIeCKOr GyHKimu f (Z) = Z Cph (z -7, )n .

n=0
e}
C—n
Tereps paccMOTpUM  BTOpoe  ciaraemoe, ¢(z)= Z(—n . Uto6sl
n=1 Z— ZO

OIIPpCACIINTD 0071acTh CXOOIHMMOCTH, BBIITOJIHUM HCCJIOJKHYIO 3daMCHY

IIEPEMEHHOU, IMPEACTAaBUB ¢ = B pesynprare nmomyunm  psm:

Z—1,

n 9 o
go(g) = Zc_ng . DTO OOBIYHBIM CTENEHHOMU Psill, U 00JIACTh €r0 CXOAUMOCTH —

n=1
1

Kpyr ¢ ueHtpom B ¢ =0 u paguyca R, =————, T0 ecTh |g| <R,. YuursiBas,
lim {/c_,
nN—oo

4TO ¢ = , TIOJTy4aeM: <R,, u, nepeBopaunBas aApoOb, MoyrydaeMm

Z—17 Z1—17
0 0
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1 .
COOTHOIICHHUC: |Z — ZO| >— . D10 O3Ha4acT, 4ToO 0011acTh CXOOJUMOCTH BTOPOU
RZ
YaCTH psala — BHCIIHOCTDb Kpyra € ICHTPOM B TOYKC

1

Z, panuyca — .
Ry

Wrtak, mepBas dacTb psga CXOAUTCS, €CIH

1
|Z - Zo|< R, a Bropas — ecmn |[z—z5|>—.
R
HecnoxHO COBMECTUTH [BE TU BEIMYMHBI B OJHY,
1
ecnm Tonbko — < R;. Ecam 3T0 HepaBeHCTBO Puc. 25. O61acTh
2 CXOINMOCTH pima  —
CIIPaBE/UIMBO, TO OOJACTh CXOJUMOCTU psja — KPYrOBOE KOJIBLIO
1 1
KPYTOBOE KOMBLO —- < |z - 25| <Ry (puc. 25). R= " <|z-z|<R,
2 R,

B Tom xe cnydae, eciu ycioBue i <R, HEC
2
BBITOJIHEHO, TO psAJ JIoOpaHa pacXOIUTCs HA BCEW KOMILUIEKCHOM TIIOCKOCTH.
BrisicHUM, MOXHO JIM Pa3ioKUTh B Psii QYHKIIHIO.

Teopema. ®yHkuuA f(Z), QHAIUTUYECKass B KPYrOBOM  KOJIbLIE

R= 1 < |z - Zo| < Ry, O/IHO3HAYHO MPEACTABIACTCS B 3TOM KOJIBLE CXOISIIMCS
Ro
psanom Jlopana.
lokazamenbcmeo. GukcUpyeM NPOU3BOJIBHYIO TOUKY Z BHYTPH KOJIbLIA (CM.

puc. 25) R< |Z - Zo| < R; u moctpoum okpyxnoctu Cy u CRl C LEHTPaMu B Z;,
pagnycsl KOTOPBIX YAOBJIETBOPSIOT YCIIOBUSM R<R' <R'<R,
R') < |Z - ZO| <R" (puc. 25, OKpy>KHOCTH BbIJICJICHbI TyHKTUPHBIMH JTUHUSIMH ).

[To popmyne Ko 1151 MHOTOCBA3HOM 00JIACTH MOTyYaeM:

f(2)= 1- m f(g)dg+ 1_ [ﬁ f(g)dg’
27z|CR G—1 27z|Cﬁz G—1

IIPUYEM BTOPOM, BHYTPEHHUM, KOHTYP IIPOXOAUTCS HE IPOTUB YaCOBOMU CTPEIIKE,
a 1o HEW.

c—1Z
BOCITOJI30BABIIUCH MTPUMEHSBIIUMCS paHee MPUEMOM, MOKHO PacHcaTh APOOhH

Ha okpyxHocti Cg BBINONHSAETCS HEPABEHCTBO <q<1. Iloaromy,

B BUJIE psJia:
c—1Z
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-2 (s-2)-(2-2) ¢-2 1 2-% ¢-125 15
S~

1 1 1 11 w[z—zO]”
S —12o

1 f(¢)dg

- [ﬁ , MOXHO BOCIIOJIb30BaThCA
27l Cr 5 z
NOJlyYeHHOW (QOpPMYJIOM ¥ TPOBECTH TMOWICHHOE HHTETpUpOBaHUE. ITa
oreparysi BO3MOXHA B CUITy aHATUTUYHOCTU (DYHKIUU:

) g D (Ol e

B nepBom wmHTerpaie,

27“CR§— ¢—Zy) 6-— cr (612
f(c)d
Unrerpan 1_ m (5) nil 0003HaYMM 3a C,, M B PE3yJbTaTe€ MHTErpa

2:; (g] f (g_)jg MPEBPATUTCS B PAJT %Cn (Z - ZO)n :

f
[ToBTOpUM paccyxaeHus Ijs BTOPOro MHTETpaiia, - Dj °
271 © ¢-1Z
R

-7
Ha CRl OylIeT BBITIOJHEHO COOTHOIICHUE <1, cnemosaTeIbHO,
-1,
00 n
1 1 S—1
MOBTOPSISt  BBIYMCIICHUS, TOJYYUM: = Z . 3mech B
¢=Z I-1y nso\Z7 7
pe3yﬂLTaTe ITOWIECHHOTO UHTETPUPOBAHUS MOJTYYUM:
1 dg >
- m :Z rie HCIIOJIb30BAHO 0003HaUCHHUE
27+ 1 Z —7 )
Cr 0

Ecim MbI cMeHUM HaIlpaBJICHUC HMHTCTPHUPOBAHUA, TO TOrJa HMHTCIpPAT OJIA
1 Uj f (g )dg

. n+l°

K03 duureHTa npuMeT BUI: C_,, =
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n+1

HOIH)IHTCI‘[)&JIBHI)IG (bYHKHI/II/I B n — Dj
272' 1 = — ZO)
R

n= — AHAJIIMTHYCCKUC B KPYT'OBOM KOJIBIIC R2 < |Z - ZO| <R.

1 [ﬁ f(¢)dg

H n+1
272.' CR (g - ZO)
IT10 03Ha4acT, 4TO €CJIM Mbl KOHTYPEI z[e(bopMpreM, TO CaMM HHTETpajibl HE
HU3MCHATCA — IpH YCIOBHHM, YTO KOHTYPBbI OCTAaHYTCA JIC)KATh B oOJylactu

AHAJIMTUYHOCTH MOJBIHTErpaibHbIX GyHKUMU. [losTOMy nedopmupyeM ux Tak,
9T00bl OOBEAMHUTH B OXUH o0O0muil koutyp C, nexamuil B KOJbIE
R, < |Z - ZO| <R. CrnenoBarenbHo, Ui BCAKOrO LEJIOro uWciaa N:

1 [ﬁ f (g)dg

27i % (¢- ZO)”+1'

n= Bo3sBpamasach Kk uUCXOAHOW Qopmysie, MOIydyaeM psl

o0

n
Jlopana: f(z): Z cn(z — ZO) . B cuny npousBoiabHOCTH BhIOOpA TOYKH Z,

N=-—o0
HOCTpOCHHBIﬁ pHI[ CXOOUTCA K CI)yHKI_[I/II/I f (Z) BCIOI[y BHYTpI/I KOJIb1ia, HpI/I‘-IéM
B JIOOOM 3dMKHYTOM KOJIBLC, COACPKAICMCA BHYTPH R< |Z — ZO| < Rl,

CXOAUMOCTbh paBHOMEpHasI.
BoisicHuM, OyAeT i1 HOCTPOEHHOE pa3yioKeHUe eqUHCTBEHHO. I1ycTh, kpome

e 0] o0

f(z)=> ca(z2-125)", ects npyroe pasnoxkenne f(z)= > ch(z-120)", e

nN=—o0 N=—o0
X0Ts1 OBI OIMH KOA((HULIHUEHT ¢;, HE COBHAJALT C C, .
Torna BHyTpHU KoJIbIIa OyAET CIIPABEJINBO PABEHCTBO:

o0 o0

2 a(z-2) =1(2)= 3 c(z-2)

N=—o0 N=—o0
Hposeném oxpyxHOCTh Cp  pammyca Ry, R<Ry <R, ¢ nenrpom B Touke
—m+1
Zg . Pter cxonates Ha Cp - paBHOMEPHO. YMHOKHM HX HA (z—-17p) ,Tae m

— (PUKCHUPOBAaHHOE LEJIOE 4YHUCIO, U NPOMHTErpupyem mnowieHHo. HecnoxHo
BUJIECTh, YTO U3 BCEro psijia OCTaHyTCs TOJBKO C.,. CiemoBarensHo, Cy,, =C,. B

CU1y MPOU3BOJbHOCTH YHUCCII IIOJIy4aeM, YTO BCC KOB(lJ(l)I/IHI/ICHTBI COBITAOArOT.
Kﬂaccuqbukauu;l U30TUPOBAHHbBIX MOUYEK

Onpenenenne. Touka Z, Ha3bIBACTCS U3B0IUPOBAHHOU OCOOOU MOUKOU

byHKIIUN f(Z), eCIIN f(Z) — OJIHO3HA4yHAasl M AHAJIUTHUYECKass B KPYrOBOM

xonble 0<|Z—245/<R, a Touka z, — ocobasg Touka pyuxuuu f(z). B camoii
0 0 Yy

TOUKe (PYHKIIHA MOXKET OBITH HE OIpE/IEICHA.
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Toraa BO3MOXHBI TPU Pa3HBIX ClIyvas:
1. Psag Jlopana BoBce HE COJEPKHUT UYJIEHOB C OTPUIIATEIbHBIMHU CTEHEHIMU

(z-19).
2. PHIL HopaHa COACPKUT KOHCYHOC YHCIIO YICHOB C OTpHUIATCIbHBIMH
CTCIICHAMU (Z - ZO)'

3. Pag Jlopana comepXuT OECKOHEYHO MHOTO WICHOB C OTPHUIATEIBHBIMU
crenersvu (Z —2Zg).

IlepBbiin cayuaii. Psang Jlopana BOBCe HE COIEPKUT OTPULATEIBHBIX

o > n
crereHer. B rTtom ClIy4ac €ro MOXHO 3aIliuCaTb B BHUC f (Z) = Z Cn (Z - ZO) .
n=0

910 00bIuHBIN psp Telnopa, 1 B HEM MOXKHO NIEPEUTH K Ipeneiy Ipu Z — Z,, B
pe3yabpTaTe IOIY4MTCS, 4TO INPEAENIbHOE 3HaueHue OyneT paBHO cy. Ecimm
f (ZO) # Cy, TO MOKHO JOOIPENEINUTh (PYHKIUIO B TOUKE Zy Kak c,. HecinoxHo

BUJIETh, YTO 3TO — YCTpaHWMas TOYKa pas3pbiBa MepBoro poxa. Hazoeém eé
YCMPAHUMOU 0COO0U MOUKOU.
Teopema. Eciaum Touka Z, sBIAETCA YCTPAaHMMOH 0COOOM TOYKOH

aHATMUTUYECKOW  (DYHKIIMH f(Z), TO CYLIECTBYET IPEACIbHOE 3HAYCHUE

lim f(z)=c,, mnpuuém|cy|<oo. W, mnaobopor, ecim Qynxuus f(z),
714

aHanuTU4eckas B KpyroBom kosbie 0 < ‘Z — Zo‘ <R, orpanuuena (| f (z)| <M

mpu 0< |z — zo| < R), TO TOYKA Z; €CTh yCTpaHMMas oco0as To4Ka (PyHKIUHU
f(z).

Bropoii cayuaii. Psg Jlopana coiepKUT TOJIBKO KOHEYHOE YMCIIO M YJIEHOB
C  OTPHULATEIBHBIMM  CTENEHSIMH  Pa3HOCTH ( Z-1, ) , TO  €CThb

o0

n
f(z)= Z C,(z2—2y) . Takasi 0COGEHHOCTb HA3BIBACTCS NOMOCOM NOPAOKa M
n=-m

ons pynryuu f(z).

Teopema. Ecnu Touka Z, sABJISETCSA IOJIIOCOM AHAJIUTUYECKOW (DYHKLIUHU
f(z), TO TpU Z—>Z; MOAYJIb (PYHKIMH HEOrPAaHUYEHHO BO3pPACTAET
HE3aBUCHMO OT CIoco0a CTpEeMJIEHHS TOUKU Z K Z;.

Hoxazamenvcmeo. Tpencrasum pynknuio f (z) B OKPECTHOCTU TOYKHU Z; B

BHUAC:

o0

o0
F(2)= Y cy(z-2p) =—m—+—ml__ e+ 6, (2-2)"
n—m (z-2) (z2-1) -1
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Brinecem 3a ckoOkwm 06H1Hﬁ MHOXHTCJIb T me B PC3YJIbTATC ITIOJIYUHUM

Z—1,
F(2) = dc p +C (2= 20)+ ot Co (2 - 20)" + S en (2 20)""
(z2—-175) n=1

Breipaxkenne B (UTypHBIX CKOOKax OOBSBHUM HOBOW aHAaTUTHYECKON
byHKIHEH

o0
P(2)=C_py+Cma (2-29) +o+Co(2-29)" + Y Cr (2 -2
n=1

HecnoxxHo BuaeTb, 4YTO (QYyHKUUSA (p(z) OTPaHHYEHA B HEKOTOPOH

)n+m

OerCTHOCTH TOYKU ZO .
o(2)

W3 npencrasnenus GyHkiun f (Z) = (Z } )m
~ 40

CHEAYET, YTO IIPU Z —> Z €€

MOJLYJIb HEOTPAHUYEHHO BO3PACTAET.

CrpaBenmBa Takxke U obpaTHast TeopeMa.

Teopema. Ecin ¢ynkums f(Z) aHanuTuueckas B OKPECTHOCTH CBOEH
0COOOM TOYKH Z,, HEOTPAHMYEHHO BO3PACTAET MO MOIYJIO HE3ABUCHMO OT
crocoba CTPEMJIEHUS TOYKM Z K TOYKE Zy, TO TOYKA Z, SABJISETCS MOIKOCOM
byHKIUH f(Z).

Hoxazamenvcmeso. T1o ycinoBuro TeopeMsl, 18 Besikoro ynuciaa A >0 MoxkHO
yKa3aTh TaKyl0 &-OKPECTHOCTh TOYKH Zy, YTO |f(z)| > A. Paccmorpum

1 .
dyskimio g(z)=——. B ykazaHHO! &-OKPECTHOCTH TOUKH Z; 3Ta (QYHKIHs
f(2)
ABIISETCS AHATIMTHYECKON u lim g(z)=0. Crnie10BaTeNbHO,
=1

g (Z) = (p( Z)( Z—1, )m , IpUYEM go( Z) — aHanmuTuyeckas (QyHKUHUS, Takas, yTo

¢(25)#0. Torma f(z)= r 1 1

g(2) (z-20)" .(P(Z)'

Orcrona cieayert, uro f (Z) UMEET B TOUKE Z; IOJIIOC IopsiAKa M.

Tperuii cnyyaii. B atom cinyuae psn Jlopana comepXxut 6€CKOHEYHO MHOTO
yieHoB. Ha3o0BEM Takyto TOUKY cyuecmeerHo ocoboll.

Teopema (Teopema Coxounkoro-Beiiepmrpacca). KakoBo Obl HU OBLIO
¢ >0, B 1060if OKPECTHOCTH CyIECTBEHHO 0C000it Toukn Z, dynkumu f(z)

Hainércst xoTs Obl OJHA TOYKAa Z;, B KOTOPOH 3HaueHHe QyHKIUU f(Z)
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OTJINYAETCSI OT MPOU3BOJIBLHO 33JJaHHOTO0 KOMIUJIEKCHOTO unciia B mensble, yuem
Ha &.

Jloxazamenbcmeo. lIlycTh Teopema HEBEpHa, TO €CThb NPU 3aJaHHOM
KOMITIEKCHOM umciie B wu 3amannom & >0 maiinéres takoe umciao 0 >0, uro
IUISL BCEX Z M3 O -OKPECTHOCTU TOUKH Zy 3HaYCHHE (YHKIIUH f(z) OTJINYAETCS

ot 3azanHoro B Gombue, uem na ¢: |f (z)-B|>¢, [2-12|< 6.
1
f(z)-B

| f(z)- B| >¢ QyHkums ©(Z) omnpelencHa M OrpaHHYeHa BCIOZY B

PaccMOTpuM  BCromoraTensHyio  GyHKmmio  o(z)= B cuny

OKPECTHOCTH |Z—ZO|<5. CrnenoBarenbHO, TOUKA Z; — YCTpaHuUMas ocobas

Touka st Gyskuun @(2), 10 ectb w(2)=¢(z)(z - Zo)m, npuuém ¢(z)#0.
(z- ZO)_m + B, npuuém L

b o f(2)=——
f(z)-8 o(2) o(2)
— orpanuyeHHas QpyHkuus. Ho B pesynbTaTe momydaem, 4TO TOYKa Z, — IIOJIIOC

Torna, T.X. o(z)=

HJIK YCTPpAaHUMasa ocobas TO4YKa, 4TO IIPOTUBOPCUYUT YCJIOBUIO.

1. Bonpocsl AJ1sl CAMOKOHTPOJIS:

1. Kakast Touka Ha3bIBaeTCS MPABUIHHON?

2. Kakas Touka Ha3bIBaeTCs 0CO00M?

3. Kak pacnosnokeHbl 0coOble TOUKH Ha I'PaHULIE KPyTra CXOUMOCTH psia?

4. Kakolt psn HasbiBaercs psgom Jlopana? KakoBa o001acTh CXOAMMOCTU
psana Jlopana?

5. Kak onpenenuts nopsaok Hyisa?

6. Kak xnmaccuunmpyrorcs ocodbie Touku QyHKIIUU?

7. Onpenenure peryisipHyro, CyIIECTBEHHO 0COOYIO0 TOUKHU (DYHKIIMH, ITOTHOC
U YCTPAHUMYIO 0COOYIO TOUKY.

Ipumep. Paznoxure QyHKIHIO

B psan Jlopana B 3amaHHOM

(2022

touke Z =1.
Pewenue. Cnauana pa3nokuMm (QYHKIMIO Ha D3JIEMEHTapHbIe ApooH,
WCTOJIb3YS METO]I HEOIPEICTIEHHBIX K02 PHUIIUEHTOB:
z A
= + . OTKyna, CIOXKUB APOOH, MOTyIaEM:
(z-1)(z-2) z-1 z-2
z A B Az-2) B(z-1)

(z-1)(z2-2) z2-1 2-2 (z-1)(z-2) (z-1)(z-2)
Tak xak qpoOu paBHBI, U paBHBl WX 3HAMEHATEIM, TO PABHBI M YUCIUTEIH,
MOJIy4a€M COOTHOILECHHE: Z = A(Z - 2) + B(Z —l). B3sB z =1, momyuum, 4to

A=-1,aB=2.
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z 2 1
(z-1)(z-2) 7-2 72-1'
Tenepsr 3aMeTnM, 4TO HAM TPEICTOUT PA3NOKUTH (DYHKIMIO B Pl B TOUKE
z=1. IlostoMy ynoO6HO 3amMeHMTh Z—1 Ha HOByIO IlepeMeHHyIO ¢. B

z 2 1 2 1
(z-1)(z-2) 7-2 7-1 c-1 ¢
psin JlopaHna mepBoe ciiaraemoe.

Hrak,

PE3YIbTATC IIOJIYyYaCM: . Paznoxum B

2 1 .
—= —2-1—. OTO — cyMMa TeOMETPUYECKONW MPOTPECCUU, ECIU |g| <1.
G- -
2
CnenmoBarteibpHO, —1 = —2 —= —ZZ G

S

OObenunss BCE BMECTE, nonyqaeM
z 1 z oot - 1
(z-1)(z-2) 2=l A 0(1—2)n

2. Pazjioxkure QyHKIHIO B PSijI .JIopaHa B 3aJJaHHOM TOYKe:

133. B Toukax Zz=0 u | 134. —,a# 0, k —|135. 1 B
z7-2 (z-a) z(1-z)
Z=00; HaTypalIbHOE YKCIO, B Toukax | TOUKax — Z=0,

2=0wu z=00; z=1u z=o0;
2> -27+5 1 1
136. a s | 137. 5 ,0<‘a‘<‘b‘ 138. —— B
(z-2)(22+1) (z-a)(z-b) (22 +1)
BToukax Z2=0, z=a, z=oo u
OKPECTHOCTH TOYKMH Z = 2 u B KOJIBIIE |a| < |Z| < |b| . OKPCCTHOCTH
B KOJIBIIE 1<|Z|<2; ' TOYKH Z=1 #©
Z=00;
139. \/(Z — a)(z — b), |a| < |b| 140. z%eY? B toukax z=0 u 141 ﬁ
—oo" .el-z B
B OKpPeCTHOCTH  Z=o0 | £= % TodKax Z =1
(paccMOTpeTh 00€  BETBH 7 — oo ’
KOpHS); ’
2 1
142. cos 2" -4z B 143. ZZSW]i B TOYKE Z :1, 144. eE+Z B
(Z _ 2)2 z-1
obnactu
OKPECTHOCTU Z =2; 0<|z[<
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Teopuﬂ eébluemos u eé npujlosxcenun

[Myctb pynkrws f (z) — aHANIUTUYECKas Bcroay B obmactu D, kpome Touku
Z=1y, TO €CThb TOYKA Z=2Z; oco0Oasd. HeciokHO BUAETh, YTO TOUKA Z=Z; —
U30JIMPOBAHHAS 0cO0asi TOUKA, €CIIM OHA JISKUT BHYTpH obmactu D .

CormacHo paHee 10Ka3aHHBIX TeOpeM, B TOUKe Z = Z; Gynkuus f(z) moxer

ObITh  pa3iioXkeHa  €IMHCTBEHHBIM oOpazoMm B pan JlopaHna:

o0
f (Z) = Z Cy (Z —- 2 )n , Tie k03(ppuuueHTs psaa C, MOryT ObITh BBIYHUCIICHBI

N=—o0

1 m f (g)dg

1o ¢popmynam: C, = i (g i )n+1.
cls— %

B wactHOCTH, KO3(PUIUEHT C UHAEKCOM

1
—1 MoOXeT OBITh BBIUHCIEH TaK: C_;= —Im f (g)dg . OTy BEJIWYHHY MBI
C
O0O0BSIBUM BBIUETOM aHAIUTUYECKONU (DYHKIIMHU B U30JIMPOBAHHOM 0CO0O0M TOUKE.
Onpenenenne. Boiuemom ananumuvecxkou ¢yuxyuu f (Z) 8 U30IUPOBAHHONU

0coboll mouke Z=17; Ha3bIBACTCA KOMINUICKCHOC YHUCJIO, PABHOC 3HAYCHHUIO

1
HHTCI'pajia C—l = Z_m f (g)dg , B3ATOMY B IIOJIOKHUTCIIBHOM HAIIPpaBJICHHUHU IIO
7l

TI000My JIeKaIIeMy B O0JIACTH aHATUTHYHOCTH (GyHKIUH f (Z) 3aMKHYTOMY
KOHTYpPY 7, COAEpXKalleMy E€AMHCTBEHHYIO OCOOyH TOUKY Z=2Z, (yHKUUU
f (z). Beiuer Gyaem 0603HauaTh KaK res[ f(z),z= zo].

HecnoxHo BUAETH, YTO B MMPABWJIBHOW MM YCTPAHUMOW TOUYKE BBIYET PABEH
HYJ10. BpIueT MOXKHO BBIYMCIIUTD C TOMOILBIO (POPMYJIbI:

res| f(z),z= zo]zc_lzziﬂim f(s)ds.

3amMeTuM, 4TO TaKoW CrocoO BBIYMCIICHHUS 3a4acTyHO CIUIIKOM CJIOKEH, B
HEKOTOPBIX YACTHBIX CIIy4asx BCE MOXKHO CJIeIaTh MPOIIIE.
1. Ilycte B TOUKE Z=2Z; MOJIOC MEPBOr0O MOpPAAKA. DTO O3HAYAET, 4YTO B

OKPECTHOCTH TOUKU Z = Z; (DYHKIIMIO MOKHO Pa3jIoKUTh B Psijl, HAUUHAIOIIUNCS
¢ 1-ro ujieHa:

f(z)= zc—_lzo + e+ (2-20)+Co(z2—20) +.tCo(2—20)" +...

YMHOXKUM TIOJYyYEHHBIH psAd Ha (Z—ZO), B pe3ysibTare MOJIy4YuM

CXOJIAIIUICS Psif 111 HEKOTOpOH (PyHKIIUU qp( Z) :
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f(z)(z—zo):c_1+c0(z—20)+c1(z—zo)2 +...+cn(z—zo)n+l+...:go(z).

f(z):M

Z—1,

OTCI-OI[a mojdy4dacM COOTHOIICHHUC! , A€ B YHUCIHUTCIC CTOHT

AHAITUTUYECKAst B TOYKE Z =/, q)YHKHI/I}I ¢(Z), TakKas, 4To @(ZO) * 0, TaK KakK

lim (p(z) =C_,#0 mo ompenenenuro Qynkunu f (Z) CnenoBareabHO, €CIU

Z—)ZO
¢(2)
-1,

Gynkumio  f (Z) MOXXHO TIpEJICTaBUTh B BHue f (z) =

res| f(z).2p |=0(2).

Oty ke GopMylIy HECIOXKHO OOOOIIMTh Ha IPEACTaBIICHHE f(Z) Kak
o(2)
w(z)

byHKIIH w(z) ,a lim gp( Z) =C_,#0. Torma ¢opmyna BeIUMCICHHS BBIYETA
=1y

, TO €€ BBIYET

4acTHOTO ABYX (QyHKIui: f (z) = , TI€ Zy — HyJIb IIEPBOrO MOPSAAKA IS

IIPpHUMCT BU:

res[f(z),zo]_re{ﬂ,z_zo}_ o(20)

v(z) v'(z0)

. HecnoxHo BuUIEThb, 4YTO
cos(z)

IIpumep. Paccmorpum ¢dyHKIMIO

V4 ,
OCOOCHHOCTH y (DYHKIIUU B TOUKE Z = . + 7zzn, IpUYEM 0COOEHHOCTH — MEPBOTO

T
nopssaKa B U30JJUPOBAHHBIX TOYKAX. To ecTh TOUKH Z = E + 7zN — MOJIIOCHI 1-T0

Z y
nopsiaka st GyHKIIMU . Beruucnum BbIUeT B TH000M U3 HUX, CKaXKeM, B
0s(z)
TOUKE Z =—.
w
z T YA 2 T
cos(z) 2 (cosz)| » —sin[” 2
=3 2

2
2. Tlycts pynkuus f (Z) UMEET B TOUYKE Z = Z; MOJIOC MOpsAKa M, TO eCTh

€€ MOKHO MPEICTABUTh B 3TOM TOUKE KaK

f(z):c‘—mm+...+ = +co+cl(z—zo)+cz(z—zo)2+...+cn(z—zo)n+...
(z-120) Z—1g

m
YMHOXUB 00€ yacTH Ha (Z - ZO) , IOJIYUUM
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m+1

f(z)(z-2)" =c,, +...+C_l(Z—ZO)m_1+CO(Z—ZO)m +¢,(z—2)
m+2 m+n
+c,(z—zy) A+t (z—z)  +..

Eciu mponuddepennupoBate 006e dYacTu paBeHCTBA MO Z M pa3, TO
MOJyYUM COOTHOIICHHE:

( f(z)(z- zo)m)(m_l) —(m-1)lc_y +..+Cy(z—2) AL+ ...

[Tepexons k npeneny Npu Z —> Z, B 00CUX YacCTAX PABEHCTBA, MOJIy4acM:

ZILngo( f(z)(z- zo)m)(m) =mlc_,.

Takum oOpazoM, Hamu ToydeHa (opmyiia JJjis BbIYETa B TOJOCE M -TO
MOpSAKA:

res| f(z),z= z()]:i lim (f(zo)-(z—zo)m)(m_l).

mlz—z,
IIpumep. Beraucnum Boraet aia GpyHkiuu f (Z) = % :
(1+ 22)
Pewenue. HecnoxxHo BUIETh, 4TO (DYHKIMS UMEET MOJtOCA 3-TO MOpPsAKa B
: . . 1 1
Toukax Z =1 u z=—i. JleiictButensro, f(z)= 5= — —-
(ZZ_iZ) (z—i)(z+1)
Beraucium Teneps Beruet B nontoce Z = 1. CoracHo hopmyie,
(3-1)
1 I 1 \3
res ——,2=1|==Ilim ———(z2-1) =
(z=i)(z+1) 3z (z—i)(z+1)
1. -3\ 1. -5y 1 . .\-5 N5 2 I
:—Ilm( Z+i ) :—Ilm(12 Z+1 ):—(12 I+ ):2 21) " =—=——,
7> ( ) z->i ( ) 6 ( ) ( ) 32i 16

Teopema (ocHOBHasi Teopema BbIueTOB). [Iycth Qynkius f (Z) SABJISIETCS
aHAIMTUYECKOi Bciogy B obnactu D, 3a MCKIIOYEHHEM KOHEYHOrO 4HCIia
M30JIMPOBAHHBIX 0COOBIX Touek Z,, K =1 N, nexammx BHyTpu obmactu D .

Torpa
1t (s)ds= Zﬂigres[ f(2).2],

rne [’ mpencraBiseTcst co0oil monHy0 rpaHuily obdiactu D, mpoxoaumyio B
MOJIOKUTEIBHOM HarpaBiICHUH.
Hokasamenscmeo. Tak kax Gynkums f (z) ananutuuna Besne, kpome Touek

Z, , TO BO BCEX JAPYTUX TOYKaX 00JACTHU OHA SIBIISAETCS IPaBUIIBHOM (TO €CTh BCE
OCTaJbHBIEC TOUKH SIBIISIFOTCS] IPABWJIbHBIMHA TOYKaMU 3TON (QyHKIKHK). Beineanm
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KXyl U3 0COOBIX TOYEK Z, (pyHKIUM f(Z) 3aMKHYTBIM KOHTYPOM %, TaK,
4ToOBl OH COJAEpXKal TOJBKO TOUYKY Z,, HE TIepeceKkalicsi Obl C JAPYrHMH
KOHTYpaMH Jj M LEJIUKOM Jiexas Obl B obmactu D .

B 3amkHYTOW MHOTOCBSI3HOM 00JIaCTH, OTpaHWYEHHOM, C OJIHOM CTOPOHHI,
KOHTypaMHu J,, a ¢ Apyroi — rpanuueit I, pyHKIus f(Z) QHAJIUTUYECKa.

Cne0BaTeNbHO, K IOIHON TPAHUIIE MHOTOCBS3HOM 00IACTH MOKHO IIPUMEHUTH
dopmyny Kommu: [ﬁ f(¢)dg=0. OTMeTHM, YTO KOHTYpHl |, B CHIY

N

T+ 7
k=1

GbopMBl TpaHUIIBI O0XOJSATCS B «OTPHUIATEIHLHOM) HAMpPaBIEHUHU, TO €CTh IO
4aCOBOM CTPEJIKE.

Pacniuiiem nHTErpast B mosry4eHHou popmyie.

ITo cBoMcTBaM KPUBOJMHENHOIO UHTErPaja MOJIydacM:

N
m f (g)dg:m f (g)dg+zm f (g)dg:O.
N I k=1,-
r+3 % 7k
k=L
[lepeHocss uHTErpajipl MO KOHTYpaM Y, HaJleBO M MEHSAS HallpaBJICHUE

o0xopa (mpu 3TOM y MHTErpajia MOMEHSIETCS 3HaK), MojaydaeM Gopmyy:

i ()= (<)

r k=1,

CoryiacHO  OMpEJCNICHUIO  BBIUETA, res[ f (Z), Z= Zk] =—1f (g)dg.

[loacraBnsis B Qopmyny g HMHTErpajia Mo TrpaHudne [, TOIy4HM:

N
[ﬁ f(s)dg=27i) res| f(z),z=2|.
r k=1

Onpenenenne. Boiuemom ananumuveckou gyuxyuu | (Z) 8 OecKOHeuHO

VOANéHHOU moyKe Z =oo HAa3bIBAETCS KOMIUIEKCHOE YKCIIO, PABHOE 3HAYEHUIO

WHTErpaja zim@f(g)dg:—zimc@f(g)dg, rne C - mpou3BOIBHEIM

3aMKHYTBIA KOHTYp, BHE KOTOpOro QyHkiwms f (Z) SABJSIECTCA AHATUTUYECKOU U

HE UMEET 0COOBIX TOUEK, OTIIMYHBIX OT 0O .
B cuny onpenenenust koadduiinenton psiia Jlopana umeet mecto Gpopmya:

res[f(z),oo]:—ziﬂi[@ f(s)dg=—c_.
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W3 TeopeMbl 0 BBIYETAX CIEIYET UX CBOMCTBO: CyMMa BCEX BBIYETOB BO BCEX
U30JIMPOBAHHBIX OCOOBIX TOYKAX (PYHKIIMH, BKIIOYas OECKOHEYHO YyAAIEHHYIO,
paBHa HYJIIO.

Teopema (0 cymme BbIueToB). Ilycte Qynkius f (Z) SIBIIACTCSA
AHAJINTUYECKOW HAa TIOJHOW KOMIUIEKCHOM IUIOCKOCTH, 3a HUCKIIOYECHUEM
KOHEYHOI'O 4YHCJIa M30JUPOBAHHBIX OCOOBIX TOYEK Z, k=1N, Brmouas u
Z =o0 (cuuTaem, 4to Zy =). Torga

éres[f(z),z:zk}:o.

Hoxazamenvcmeo. PaccMoTpuM 3aMKHYThIA KOHTYp C , KOTOpBIN comepikal
ob1 Bce N —1 m3onMpoBaHHYIO TOYKH Zj, YTO PACHOJIOKEHB Ha KOHEYHOM

PaCCTOsIHMKM OT Hadala KOOpIHWHAT. TOI’I[& 110 OCHOBHOM TCOPCMC TCOpPHUHU
BBIYCTOB,

N-1
11 (s)dg=27i Y res f(z),2=2].
C k=1

OnHako B cuiry (popMyJIbI res[ f (Z),oo] = —% f(¢)dg =—c_4, unrerpan

Vs
C+

[ﬁ f (¢)dg pasen Bbruery dynxuun f(z) B Touke z=o0, B3sITOMY C OGpATHBIM
C
3HakoM. CKJIaJbIBast, OJIy4aeM, YTO CyMMa BBIYETOB PaBHA HYJIIO.

Caencrsue 1. ITycte pyukums f (Z) uMeeT ocoOeHHocTH B obiactu D B
M  HM30JMPOBAHHBIX OCOOBIX TOYKaX Z,, HAXOASIIMXCA HAa KOHEYHOM

pPACCTOSIHMM OT Haudaja KOOPAWHAT, U 0COOYI0 TOUKY Ha OeckoHeuHocTu. Torma
OCHOBHAs TEOpEMa TEOPUHU BBIYETOB MOXKET OBITh TIEpenrcaHa B BUJIE:

[Jj f(s)dg= 27riki=1res[ f(z),2=7,]-2xires| f(z),z=00].

CaeacrBue 2. (O000menne d¢opmyabl Komm Ha HeorpaHMYeHHYIO
00J1aCTh).

Paccmotpum ¢yuknumio f (Z) , AHAIUTUYECKYIO BHE 3aMKHYTOI0 KOHTypa [,

SBJISTFOIIETOCS TpaHuIlel orpanuyeHHo obOmactu D . Ilycte Bce Touku [I' —
MpaBWIbHBIC TOYKU (DYHKIIUH f(Z), a TOYKa Z=o00 — yCTpaHuUMas ocobas

TOYKaA.

Iycts lim f(z)= f (). Hoctpoum Bue I” dyHkimo ¢(z)=

Z—>0 Z— ZO

ZO — IIPOU3BOJIbHAA TOYKaA KOMILJIEKCHOM MJI0CKOCTH. HecaoxHo 3aMCTHUTD, YTO
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TOUKA Z =00 — yCTpaHUMasi 0co0ast TouKa U Uit QyHKUuK ¢@(Z), IpUUEM BbIYeT
B ATOM TOUKE: res[(z), z= oo] =—f ().
Ecnu Touka Z, nexur BHyTpu I, T0 GyHKUMS @(Z) APYrHX OCOOBIX TOUEK
He umeeT. Ecnmu Touka z, nexut BHE [, TO Zy SIBISICTCS IOJFOCOM HE BBIIIE
nepBoro nopsiaka GpyHkumn ¢(z), npuuém res[(p(z), z= Zo] =—f(z).
fs)
Pacemorpum unterpan [||f (¢)dg = [[|—=*dg, B xoTopom konryp I’
T 9572
o0xoamiics TakuM 00paszom, 4to obsnacte D octaéres cneBa. B cunmy dopmyiisl

[ﬁ f(g)dg= 27zikzzres[f (z),z= Zk:|—272'i res[f (2).2 :oo] IOJTYYHM:

1 mf(g)d B f (), 2o —6uympu I’

27i 16— 1 - f(o0)-f(z), zg—6ne I’

O10 M ectb 0000meHue wuHTerpaibHOM ¢Gopmynasl Komm Ha cimydaid
HEOTPaHUYEHHOM 00JIacTH.

1. Bonipocel 1Jisi CAMOKOHTPOJIA:

1. Kakasi Touka Ha3bIBaeTCs MPABUIBHON?

2. Kakas Touka Ha3bIBaeTcs 0co00i?

3. Kak pacnionoxeHbl 0coObI€ TOUKH Ha TPAHUIIE KpyTra CXOJIUMOCTH psiia?

4. Kakolt psn HasbiBaercs psgom Jlopana? KakoBa 001acTh CXOAMMOCTU
psana Jlopana?

5. Kak onpenenuts nopsaok Hyisa?

6. Kak kmaccudunupyrorcs ocoObie TOUKH QPYHKITUN?

7. Onpenenure peryispHyr0, CYIIECTBEHHO 0COOYI0 TOYKU (PYHKIIMH, TIOJIFOC
U YCTPAHUMYIO OCOOYIO TOUKY.

8. Kakue psapl Teitnopa 1151 OCHOBHBIX JJ€MEHTapHBIX (QYHKIUN Bbl
3Haere?

9. Kak BBIYHMCIUTH BBIYET B TOJIOCE MepBoro mopsiaka? Kak BBUKUCIUTH
BBIYET B ITOJIIOCE MOpsiaka N?

Ipumep. f(z)=ze'’
Pewenue. HecnoxHO BHAETh, YTO HEBO3MOXXHO BBIYMCINTH JIAHHYIO

¢yukiuio B Touke Z=0. Tak jxe CTOUT MOCMOTPETh MOBEACHUE ITOW (PYHKIIUH
Ha OCCKOHEUHOCTH, Z = o0.

Utak, Touka Z =0. ®opmanbho npu Z #0 MOKHO pa3ioKUTh GYHKIIHIO el/?

X 1z c 1 .
B pig Tak: €' =) , CIeNOBaTeNbHO, BCA (YHKUUM IPUMET BHIIL:
niz"
n=0"""
e} o0
1 1 1
f(z)=ze"? =7y =2+—+ ) ——. HecloxHO BHIETh, 4TO B 3TOM
oniz" 11 Zniz""



psaay y pyHkuun 0ECKOHEYHO MHOTO 4JIeHOB psna JlopaHa, cTeneHb KOTOPBIX

otpunarenbha. CrenoBaTenbHo, Touka Z =0 sBIsSeTCS CYIIECTBEHHO OCO0Oit

TOUKOM 3a1aHHOM DyHKImMK f(Z)= z2eV/?,

Tenepr paccMOTpUM MOBeleHME (QYHKIMH B TOYKE Z=o00. Pa3jioxum
3KCHOH€HTy B pﬂﬂ B TOYKC, OTHHqHOﬁ oT Hy.TIf[ u GCCKOHGI‘IHO y,[[aﬂéHHI)IX TOYCK.
B pe3ynbraTe MOIy4uM P B BUIE:

o0 o0
1 1 1
f(z):zem:z 7=y — .
niz" 1! ntz"t
n=0""" *on=2'"

Tak xak Hac uHTepecyeT OECKOHEUHO yJal€HHas TOYKa, TO 1eJIeco00pa3zHo

. 1
caciiaTtb 3aMCHY IICPEMCHHOU & = —. CJ'IGI[OB&TGJ'II)HO, IIOJIy4YUuM
z

00 1 1 o0 n-1
Z+—+ — =—+1+
1 =nlz S — Nl
2. YKa:xkute o0co0ble TOYKM (YHKUMH HAa KOMILUIEKCHOW IUIOCKOCTH,
KjaaccupuuupynTe ux:

1 4 6
145. ——; 146. —=—; 147. 2
71 1+7z (1-2)
1 z 2
148. —— 149, > 150 £ 1.
z(z2 + 4) 1+7 o’
1 1 I
-z. 152. = 153, ———;
151, 7672 =15 e
154, 155, <5% 156. sin——;
sinz z 1-z
157. tg%z; 158. sini+i2; 159. e7? cosl.
Z 1 z
1
IMpumep. Berauciure BeryeTs B 0c00bIX TouKax dpynkimn f(z)=———.
2° -1

Pewenue. Crauana naiiném u kiaccuduimpyeM ocoOble TOUKH (YHKIIUU.

OTO TOYKHM, B KOTOpBIX 3HAMEHaTelb (YHKIUU oOpallaercs B HYJb, TO €CTb

22 -73=0, wm Toukn z=0 u z=1.

1 1
Tak kak f(z)= = , TO HECJIO’)KHO BUJETh, 4TO Touka Z=0

2 -7° 7°(1-2)
ABJIIACTCA IIOJITFOCOM BTOpOFO HOpSIJIKa, a TOYkKa Z = 1 — TTIOJIFOCOM HepBOFO
HOp;I,Z[Ka.
Haxoaum BbiueT B Touke Z =0
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4 '

res| — ,2=0|=1lim 5 .2° | =1lim =lim 5 =1
7 (1_2) 70| 7 (1_2) 720 ( —Z) 720 (1_2)
Tenepp Haii1éM BeIUET B TOuke Z =1:
1 ) 1 . 1
res| ————,z=1|=lim| —-(z-1) |=lim| —= |=-1.
22(1—2) 21 22(1—2) (2-1) Hl( zzj

3. HalitTu  BbIYET YyKa3aHHOW  (YHKIMH  OTHOCHTEJbHO  BCeX
HU30JIMPOBAHHBIX 0COOBIX TOYEK M OTHOCHUTEJIbHO O0ECKOHEYHO YIAJEHHOM
TOYKH (eCJIM TOJHLKO OHA He fIBJISIETCH MpeaeJbHOH TOYKOM sl 0COOBIX
TOYEK):

1 2 1
(41 (1)
sin2z
163. ——; 164, 165. ctg®z.
(z+1) sinz

Bovtuucnenue UHmezpaios ¢ NOMouLbIO 6blUuemoe

BprueTsl MOKHO IPUMEHSTH JJISI BBIYMCIICHUS PA3JIMYHBIX UHTErPAJIOB.
1. UuTerpansl oT TPUTOHOMETPHYECKHX GyHKuui BH/A

2r
_[R(cosS,sin&)dS.

0
2r

[Iycts mogpIHTErpanbHas (YHKLUUS B HHTErPalie IR(COSQ,Sin $)dg —

0
panuoHalIbHAasl PYHKIMSI CBOMX apTyMEHTOB.
BemonnuM 3ameny: Z = e"9, otkyna 1%=Inz, mm $=>Inz, u namee
I

d=-ilnz. Coorsercreenno, mudpdepenmman dI=d(-ilnz)=-idInz=
=—i(Inz) dz "
Z

UYrto kacaeTcsi KOCMHYyCa U CUHYCa, TO OHU MOTYT OBITh BBIPAXKEHBI Uepe3 Z B
COOTBETCTBUHU ¢ (popmysiamu Ditnepa:

i9 | -i9 i9  -i9
e +e€ . e —e
cos$=—— using=——.
2 21
. 1 .
Tak kak z =€, 10 = =e7", u monyuaem:

Z
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Z+

i9 . —i9 - 2 i9 i
cosg=2_ ¢ 7z’ Jrl,sin,slze .e Sp— A
2 2 22 21 21 212

Kpome storo, otmMeTum, 4Tto mepeMEHHas z=¢" npu 196[0;27Z] 3aqaéT
OKPYXHOCTh C Ha4daJioM B IIEHTpe KoopawHaT pamauyca 1. CremoBarenbHO,
MPOCTON WHTETpajl MOXKHO 3aMEHHUTh HMHTETPAIIOM C OOXOOM TIO KOHTYPY
OKPYKHOCTH C IICHTPOM B Hayvajie KoopauHaT paauyca 1, T.e. C: |Z| =1.

B pesynbrare nomyyaem:
2z
j R(cosd,sing)d g =i
0 |

m . 22 +1 7% -1)dz
2z ' 2z )z~
z|=1
PaunonansHas gyHkuusa R mnpencrtaBiser coboil apods. CieaoBaTenbHO,

2 2 n

R| 2 +1 27 -1 g +.+ayz
] - m

27 2iz by +...+ bz
YHnCIIO KOpHefI paSHOﬁ CTCIICHN KPAaTHOCTH, 9YaCTb M3 KOTOPBIX 6y,IIGT JCKATDb
BHYTpU KOoHTypa C: |Z| =1, u K HEMy MOXHO NMPUMEHUTH OCHOBHYIO TEOpPEMY

. 3HaMeHaTenb 3TOM JpOOM MMEET KOHEYHOE

BBIYCTOB:

2z 2 2
IR(coss,sins)dS:—i [ﬁ R| 2 +1,Z : 119z _
0 21 2z 21z )z

K 2 2
=2y res| R : +1,Z : 1 l;zk .
o 21 22 )z

TeHepB OCTaJIOCh TOJIBKO ITOCUUTATHh BBIUYCTHI.
27

IMpumep. Berurcnute nHTErpa _[
0

m, rac |a|<1

19 ortkyma 9=-ilnz u d9=—"dz.
Z

Pewenue. BpImonHuM 3aMeHy: Z=¢€

52
Hanee, cos 9=

27 [ToxcraBuB BCE B MHTErpall, MOJIYYUM:
z

2
Jf[ g _ . Uj 1 dz_ dz
2 1+acos 9 ‘ 7°+1 1z az’+2z7+a
22
BBIHCHHM, KAaKUC TOUYKU ABIAKOTCHA 0C06BIMI/I TOYKaMU HO)ILIHTCI‘paHLHOﬁ

<11+ a 2=

bynkuuu. Bugumo, 3T0 HyJIM 3HAMEHATEs: az’+2z+a=0, To ecTb TOUKH

_-1+41-a°

Z) o =————. HecnoxHO BUAETb, YTO HU3 ABYX KOPHEH TOIBKO OIUH
' a
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—1++1-a?

a
CJ'ICI[OB&TCJILHO, B CUIIY OCHOBHOU TCOPCMBI TCOPHUHU BBIYCTOB, IIOJIYUaCM:

T dg i 1 dz_, | dz  1N1-@
. 1+acos g ‘ 7°+1 2z az’ +2z+a a

22
[Tosroc mepBOTO MOPSIKA, [IO3ITOMY

e 1 —1++1-2a? 1 B 1
~1++1-a?

az’+2z+a a 2az+2|,_~tnll-a®
a

JEKUT BHYTPU KOHTypa, M 3TO KOPEHb CO 3HAKOM «+»:Z; =

1-11+a

a 2a +2

1 1

2+21-a%+2 21-a°
CiienoBarenbHO, HHTETPAN

ZJ” dg dz  -1++1-a’ 27

=4rres| — ; = .
1+acosd az“+2z+a a 1— a2

0
+00
2. UnTerpajnl 1o Beeil 4HMC/I0BOH NpsAMOil BHAA J f(x)dx. Yrober
—0o0
MOYKHO OBLIO BBIYUCIATH MOJOOHBIE MHTErpabl, HEOOXOAMMBI HEKOTOPHIE
JIOTIOJIHUTENbHBIE TIOCTPOECHHS: JOCTPOMM IIPAMYIO 0 IIOJYOKPYKHOCTH,
KOTOpas OXBaThIBaNa ObI BEPXHIOI MOIYILIOCKOCTh KOMILIEKCHON IFIOCKOCTH B
COOTBETCTBHH C TEOPEMOM:

Teopema. Ilycts ¢dyHKIUS f(z) SIBIISIETCSL AQHAJIMTHYECKOW B BEPXHEU

noaymiockoctd  Imz>0 Bciomy, 3a HCKIIOYEHHEM KOHEYHOTO YHCIIa
U30JIMPOBAHHBIX OCOOBIX TOYCK, W CYIICCTBYIOT TAKHUE IMOJIOKUTEIIbHBIC YHCIIa
Ry, Z 1 0, 4T0 [UIA BCeX TOYEK BEPXHEW IOJYTUIOCKOCTH, YJOBJIETBOPSIOLINX

4Imz

YCIIOBHUTIO |Z| > RO CIIpaBCaJIMBA OLICHKA: ‘ f (Z)‘ < ‘Z‘% . Qﬁ\
Re z

Torma F!im f(z)dz=0, rie KOHTYD ®_|° R
UHTETPUPOBAHUS Cgr IPEICTaBIISICT coboi Puc. 26.
MOJIYOKPY>KHOCTh |Z| =R, Imz>0 B BCPXHEH [T0J1yOKPYKHOCTB

HOJIYILIOCKOCTH Z (puc. 26). C, B BepxHei

Jokazamenbcmeo. B cuily CBOWCTB HWHTErpaia Iio TIOIYIIOCKOCTH
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KOMILIEKCHON MePEMEHHOIA: j f(z)dz|< J |f (z)|ds. [0 yCIOBHSAM TEOPEMBI
Cr Cr

1+6 ds.
Z

‘ f (Z)‘ < |\1/|+ 5 Ha IOJIyOKPYKHOCTH, CJI€ZI0BATENIBHO, j | f (Z)|dS < I
2 Ch Ch
Tak kak |Z| BCIOJIy Ha KOHTYPE pPaBEH pPaguyCy MOJIYOKPYKHOCTH, TO

M M M 27M
C.L |z|1+5 ds = R0 CJ;; ds = R0 27R = RG

OKOHYATENLHO II0IYyYaeM: I f(z)dz|< 2:2/| :

Cr
B mpenene lim @:O,omynan lim f(z)dZ:O.
R—o R R—o 7,
Cr

CaencrBue. Eciam ycinoBusi Teopembl BEpPHBI I KakKOro-jiubo ceKkTropa
MOJIYOKPY>KHOCTH, TO (hopMyJia BEpHA U JIJIsl CEKTOPA.

Chopmynupyem 00111y10 Teopemy, TTO3BOJISTFOIIY IO 3aMEHUTH
WHTETPUPOBAHUE TIO MPSAMONW HWHTETPUPOBAHUEM IO OECKOHEUHO OOJBIION
MOJIYOKPY>KHOCTH B BEPXHEH MOTYIIIIOCKOCTH:

Teopema. [Tycts pynkius f (X), 3aJlaHHAsl Ha BCEU JCHUCTBUTEIIBHOM OCH

—00< X<00, MOXKET ObITh aHAJUTUYECKH NPOJOJDKEHA Ha BEPXHIOIO

nosymiockocts IMz >0, npuuém e€ aHamuTHYeCKOe MPOAOJIKECHUE, (YHKIHUS

f(Z) YAOBJIETBOPSIET YCIOBUSM TNPEAIIECTBYIOIIEH TEOPEMBI W HE HMEET

O0COOBIX TOYEK Ha JEHCTBUTENHHOM oOcu. Torma HECOOCTBEHHBINM MHTETpall
+00

TIEPBOTO pona I f (x)dx CYHIECTBYET I/I paBeH

—00

+o0 N
J f(x)dx = Zﬂines[f (Z),zk], e z, — ocobble Touku Gynkiuyn f (Z) B
e k=1

BEpXHEN MOTYIUIOCKOCTH (puc. 27).

Jlokazamenvcmeo. Ilo  yCIIOBHIO  TE€OPEMBI c fImz
dyukumst f(z) B BepxHelt momymiockocTH uMeer )2 S
KOHEYHOE YHCJIO OCOOBIX TOYEK Z, , IPUYEM BCE OHU °C1] G \Rez
YAOBJIETBOPSIOT yCIOBUIO ‘Zk‘< Ry,. Paccmotpum R 0 R
3aMKHYTBIM ~ KOHTYP, COCTOSIIMH M3  OTpe3Ka Puc. 27.

—R<x<R wu Bepxmueit IIOJIYOKPY>KHOCTH C,’Q. B [Monyoxpyxnocts Cp B
CWJIly OCHOBHOM  TEOpPEMBI  BBIYETOB  BEPHO BEPXHEH MOJTYIIIOCKOCTH
clIeyIolIee: U 0cOOBIE TOYKH Z)
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+R N
I f(x)dx+ J f(z)dz =27zi2res[f (z),zk].
-R Ck k=1
CornacHo NMpeabIAyILEH TeOpeME, HHTErPaI Uj f(z)dz Gyner ctpemuThCs K
Ch
HYJIIO, CJIEIOBATENILHO, B IIPEAEIe IpH R — 00 momrydum:

T f(x)dx= Znigres[f (z),zk]

+00 dX
IIpumep. Beruucauts unterpan | = J Tl
+ X

—00
Pewenue. HecnoxHo BHIETh, UYTO IOABIHTETPAIBHOE  BBIPAXKCHUE
YIOBIICTBOPSICT BCEM YCIIOBHSIM TEOPEMBI, JOCTAaTOYHO OBICTpO yOBIBaeT Ha
o0eckoneuynoctH. CiieoBaTeILHO,

I :T dX2 = [ﬁ f(z)dz:Znigres[f (2).2 |-

S 1+x Cr

JUis  HaxoXJEeHus  BblYETAa  HYXKHO  BBUICHUTH  OCOOBIE  TOYKH
MOJBIHTErPAJILHOTO BBIPAXKEHHUSI, TO €CTh HYJIM 3HAMEHatens Apoou. 1+ 2’ =0,
TO ecTh Z==i. BHyTpu KOHTypa HAXOJUTCA TOJBKO TOuUkKa Z=I,
CIIEZI0BATEIILHO, BBIYCT OYACT TOJBKO B 3TOM TouKe. OTMETHM, YTO B TOUKE Z = I
y (YHKIMHU MOJIFOC TIEPBOTO MOPSAKA.

= i} =27i 1

IZT dx =27rires[
1+ x° 27

—00

_ 2 _
2
400

3. MuTerpaibl Mo BCeil YMC/I0BON NMpsiMOii BHAA J~ f(x)e™dx. Jlemma

5 .

1+z

—
Kopnana.

YtoObl MOXXHO OBLTO BBIYUCIATH AITH HWHTErpajibl, JOKaXEM CHayaia
BCIIOMOTaTeNbHYI0 TeopeMy — Jemmy JKopaaHa.

Teopema (nemma JKoppama). Ilycrs dysxkums  f(z)  ssusercs
aHAJIMTUYECKOW B BepxHeil momyruiockoct IMz>0, 3a wuckiouyeHuem
KOHEYHOT'0 YKCiia U30JUPOBAHHBIX OCOOBIX TOUEK, U PABHOMEPHO OTHOCUTENIBHO
arg z (O <argz< 7r) CTPEMUTCS K HYJIIO TIPU |Z| — oo, Torma mpu a >0

lim [ ' f (¢)dg =0,
R—x Sh
rae Cp — ayra moiyoKpyXKHOCTH |Z| =R B BepxHeli MOJYIIIOCKOCTH.
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Hoxasamenscmeo. Ycinoue paBHOMepHOro crpemienus f(z) k Hymo
03HAYaeT, YTO MpU |Z|:R UMeEeT MECTO OLIEHKa ‘f(z)‘<,uR, |z|:R, rie
Ug = 0 mpu R — o0,

C IOMOIIBIO 3THX COOTHOIICHHM OLEHUM HHTErpal Ie'agf (¢)ds.
Cr

: ) 2 T
3amenuM nepeMerHyIo ¢ = Re™ n ormeTum, 4to SinX>—=x, ecimu xe| 0;= |.
T

B pe3ynbTaTe noiydaem cepuio OIEHOK:

j % f (g)dg|< yRRﬂeiag
Ch 0

T
dx = luRRIe—aRsm Xdx =
0

zl2 ) zl2
=2,LIRR J’ e—aRsmde<2‘uRR J‘ e—ZaRxlfrdX:
0 0

:g,uR (1—e_aR).

HecnoxxHO BUAETH, UTO MOTYYECHHOE BBIPAKECHHE CTPEMHTCS K HYJO, CCIIH
R — 0, 9TO U T0Ka3BIBACT JICMMY.

Caexcreue 1. Ecnin a<0, a ¢ynkuus f(z) ynosnersopsier ycnosusim

nemMbl JKopiana B HWKHEH MOMYIIIOCKOCTH, TO (opmyna semmbl JKopaaHa

CIIpaBeUIMBA Uil MHTEIPUPOBAHMUS II0 JAYre IOJYOKPYKHOCTM B HUXKHEU
MOJIYTIJIOCKOCTH.

CaencrBue 2. Jlemma XKopnmana octa€rcsi crpaBeyIMBOM M B TOM Cllydae,
Korzaa f(z) YJIOBJIETBOPSIET YCIOBHSM JIEMMbl B MOdyIUIOCKocTH 1Mz 2>y,

TOJBKO HWHTETPUPOBAHHUE HEOOXOJUMO TMPOU3ZBOAUTL MO Jyre OKPYKHOCTH
|z—iyo|=R.

Teopema. Ilycts pyHKIHS f(X), 3aJ]laHHAsl Ha BCEU JIEMCTBUTEIBHOU OCHU
—00<X<00, MOXET OBITh AaHAJIUTUYECKH TMPOJOJDKEHA Ha  BEPXHIOKO

nosymiockocts IMz >0, npuuém e€ aHanuTHYeCKOe MPOAOJDKEHUE, DYHKIIUSI
f (z) yIIOBJIETBOPSIET YCA0BUSAM JiIeMMbI JKopJiaHa 1 He UMeeT 0COObIX TOUYEK Ha

JNeWCTBUTEIbHONM ocu. Torma HecOOCTBEHHBIM HWHTErpajl IIEpBOTO  poja
+00

I f (x)e™dx, a>0, cymecrsyer u pasen

+00

.[ f(x)e™dx = 2ﬂiéres[ f (z)eiaz,zk],

—00

rae Z, — ocoObie Touku GpyHkipn f (Z) B BEpXHEH MOJTYIIIOCKOCTH Z .
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Hoxazamenvcmeo. 1o ycioBuio TeopeMbl 0coObie ToukH Z, (yHkium f (Z)
B BEPXHEH MOIYIJIOCKOCTH YAOBIIETBOPSIOT YCIOBHUIO |Zk| <R. PaccmoTpum B

BEPXHEH TMOJYIUIOCKOCTH Z 3aMKHYTBI KOHTYp, COCTOSIIIMHA M3 OTpe3Ka
nerictButenbHOl oct —R < X< R, R> R, u nyru Ci momyokpy>KHOCTH |Z| =R B
BEPXHEH IOJIYIUIOCKOCTH Z .

IIo ocHOBHOM T€OpEME TEOPUU BBIYETOB

+R . ] n .
j f(x)e™dx+ j f(z)e'azdz=27ri2res[f(z)e'az,zk].
“R Ck k=1

ITo nemme JKopaaHa mpees BTOPOro CIaraeMoro I f(z)e"™dz nmpu R — o
Cr
paBen nymo. ClieoBaTeabH0, TEOPEMA BEPHA.
"¢ cos(ax)dx
IIpumep. Beruucauts unterpan | = j —_—.
1+ %2

Pewenue. YtoObl IIOJIYUHUTh IIOABIHTCTPAJIIBHOC BBIPAKCHUC, KOTOPOC
yJIOBJICTBOPSIET BCEM YCIIOBHUAM JieMMbI JKopaaHa, mpoBeaéM rnpeoopa3oBaHue:
Teos(ax)dx e dx
= [ = —=Re >
1+X S 1+x

—00

[Tonyuennas (pyHKL[HsI JIOCTATOYHO OBICTPO y6BIBaeT Ha OECKOHEYHOCTH.

CnenoBatensHo, | = J Coi (2)dx m f(z)dz —27Z'IZI'ES|:f zk].
+x?

—o0
I[JI?I HaXO0XIACHHUA BbIYCTA HY)I(HO BBISICHUTD 0coOBIe TOYKH

MOJIBIHTErPATLHOTO BBIPAKEHUS, TO €CTh HYJIM 3HAMEHaTeNs Apoou. 1+ 22 =0,

TO ecTb Z==%i. BHyTpm KOHTypa HaXOAWUTCS TOJBKO TOYKa Z=I,

CJICZIOBATEIIbHO, BBIYCT OYJET TOJBKO B 3TOW TouKe. OTMETHM, YTO B TOUKE Z = I
y (YHKIIMHU TIOJTFOC TIEPBOTO MOPSAKA.

+00 iax iax

I:I%dex:Re 27zires| — 5,2=1|r=Re 27i S

1+ X 1+7z 22

—00 Z=i

=Re {27[ za}zﬂe_l.
2i

Jlozapugpmuueckuit eviuem

ITycts B obmactu D 3amana omuosHaunas Gyskius f (Z), aHAIUTUYECKAs

BCcroay B D, 3a uckiitoueHreM KOHEUHOTO YHCJIa U30JUPOBAHHBIX OCOOBIX TOUYEK
Z,, k=1 p, npuuéM Bce TOUKH Z, ABILIOTCA moirocamu. IIpeamnonoxum, 4ro
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Ha rpanuie obnactu D Her HM Hynel, HU OCOOBIX TOYEK (PYHKIHUU f(z), U
f'(z)
f(z)
9yT0  3Ta  (QyHKOUsA ~ SBIASETCS  JOrapu(PMHUECKONM  MPOU3BOIHOM:

(o(z)zéln( f (Z)) st bynxunn f(z).

pPacCMOTPUM BCIIOMOTaTENIbHYIO (HYHKIIHIO (p(z): . Hecnoxno Buaerh,

Onpenenenne. Boraerst dynxumn ¢(2) =%In( f (z)) B €€ 0COOBIX TOUKAxX

Z,, M=1M HazpBatoTCs 102apudmuyeckumu evryemamu gyukyuu f (Z)

HecnoxHo BUAETH, 4TO 0COOBIMU TOUYKaMU JJig HYyHKIUU (p(z) OyInyT Kak

Hyma z,,n=1N,, Tak U nomroca 3TOH (QYHKIUU Zy, P =1 N o Haiiném
3HAUCHHE BBIYCTA B KaXIOH 13 0COOBIX TOUCK ¢(Z).

[lycTh, K HNpHMEPY, TOYKA Z =Z, SBJIAETCA HyIEM Iopsaaka N, (QyHKIUH
f(z). Torma B okpectHocTH oToif Toukm Gynkumst f(z) nmeer Bux:
f(z)=(z-z)™ f,(2), npmaém f(z,)#0 u z=7z, sBuseTcs mpaBHIBLHOH

TouKoi pynxumn fy(z, ).

BbI4ucIuM JorapupMHUIECKYIO TIPOU3BOIHYIO:

d n ! ! n fl’ (Z)

z:—ln(z—z kfz):n In(z-2,)) +(In f(z)) =—*—+ .
(0( ) dz ( k) 1( ) k( ( k)) ( l( )) 7-1, fl(z)

Hecnoxno BHACTHb, YTO BTOPOC CJIaracMoOC HC UMCCT OCOOCHHOCTEH B TOYKE
Z= Zk , K HC HOacT KaKoT0-JIN0O BKJIaJa B  BBIYCT. CJ'ICI[OBaTeJ'IBHO,

res| p(z),z2=2 |=n,.
[TycTh, K IpUMEpyY, TOYKA Z = Z, SIBISICTCS MOJOCOM MOpsiaKa Py (QYHKIUU

f(Z). Torma B OKpecTHOCTH 3TOH TOYKH (DyHKIHS f(z) UMEET BWI:

fi(z
f (Z) = L)pk , IpUYEM fl(zk ) #0 u zZ =17, sBIAETCSA NPABUIBHON TOYKOIL
(z-1z)
dynxumn fy(z,).
BeraucnuM norapuMuyecKyro Ipou3BOIHYIO:

go(z)zéln % =—pk(ln(z—zk))'+(ln fl(z))':—zf"Zk + :‘11,((22))

BTOpOG cjJaraeMoe He UMeET OCOOEHHOCTEH B TOYKE Z = Z,, 1 HC O1aCT KaKoro-

1160 BKIaaa B Beruer. CiienoBaTenbHoO, res[go(z), z= zk] =—Py-

W3 nByx mosydeHHbIX HAMH (POPMYJI MOXKHO CII€TIaTh BBIBOJI:
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Teopema. Ilyctp dyHKIHSA f(Z) SBJISICTCS AHAJIIMTUYECKOM BCIOAY B

3aMKHYTOﬁ obnactu D , 3da HCKIIIOUCHHUCM KOHCYHOI'O YHCJIa TOYCK JICKAILIHNX
BHYTPH D HN30JIMPOBAHHBIX OCOOBIX TOYEK Z=17y, KOTOPBIC BCC SABJIAIOTCA

IMOJII0CaMHu, U IIYCTb f (Z) HC 06pan1aeT051 B HYJIb HU B OI[HOﬁ TOYKC I'PAHUIIBI

I" obnactu D . Torma pasHOCTh MEXIy TMOJTHBIM YucIOM Hyleil N u moJHBIM
YHUCIIOM MOJ0coB P dhyHKIINN f(Z) B obsactu D omnpenensercs BoIpaxxeHHEM

!
N—P= i_gjmdz
27 s, f(z)
[lon mNOMHBIM 4YHCIOM HYJEW W TOJKOCOB MOHUMAETCA 4YHCIO HYyJEH
n
N = an , TOCYUTAHHBIX C YYETOM HMX KPATHOCTH, U YHUCIIO IOJIOCOB, TAKXKE
k=1
p
MTOCYUTAHHOE C YU4ETOM MX KpaTHOCTH: P = Z Py -
k=1
Jloxazamenvcmeo. Haiiném wHTETrpal mo 3aMKHYTOM rpaHuiie obnactu D,

. d f'(z
TO ecTb 110 KpuBoit I ot hyHkimu ¢(Z) :—In( f (Z)) ; DjL)dZ :
dz L f(2)
Hec05KHO BHIETh, YTO BBIYMCIMTBL 3TOT HMHTErpal MOKHO C ITOMOILIBIO

f'(2) f'(2)

Kk
OCHOBHOMW TEOPEMBI TEOPUHU BHIYETOB: [ﬁ— dz = Zﬂiz res
r f (Z) j=1 f (Z)
BbrueThl, Kak MbI pPaccMOTpEIM paHee, OepyTcss B TOYKaX, KOTOpBIE
SBJISIOTCS THOO0 TOIr0caMu, In0o Hyasmu Gyukiuu f (Z); Takke HaM H3BECTHEI

’Z:Zk

WX 3HAYCHHS.
B pesynbrare nomyyaem:

f,(Z)dz—z ik res f'(2) 2=1, |=2mi n n p =27mi(N-P
LTE R Y T Kt il PP L )
r J
CrnenacTBueM TEOpeMbI O JIOTApU(PMUYECKOM BBIYETE SIBISCTCA Teopema
Pymie u ocHOBHAs TeopeMa BBICIICH areOphI.

Teopema (teopema Pyme). Ilycts dynxumn f(z) n g(z) ssmsores

AHAIUTUYECKUMH B 3aMKHyTOH o6mactu D, npuuém Ha rpanune I
CIIPaBEIINBO HEPABEHCTBO |f(z)|r >|g(Z)|F. Torga monHOe 4YMCIO HyNEH B

oomactu D  ¢ynkumm F (Z) = f (Z) +0 (Z) paBHO TIOJHOMY 4YHCIY HYyJel
dynkumu f(z).
Jloka3zaTenbCTBO MOYKHO HalTH B [6].

OcHoBHasi TeopeMa Boiciiel aaredppl. [lonMHOM N -0l CTENEHU UMEET Ha
KOMILJIEKCHOM IIJIOCKOCTH POBHO N HyJIeH (C YYETOM MX KPaTHOCTH).
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5. KongopmHoe oTrodpakeHue
OcHoenble nonamus

Onpenenenune. B3ammHO-omHO3HAYHOE  OoTOOpakenme obmactm D
KOMIUICKCHOW TIUIOCKOCTH Z Ha o0iacth G KOMIUIGKCHOM IUIOCKOCTH W
HA3bIBACTCS KOHMOPMHBIM, €CITU 3TO OTOOpaKeHHWE BO BceX Toukax Ze D
o0aiaeT CBOWCTBaMU COXPAHECHUS YTIIOB U MTOCTOSHCTBA PACTSKCHHM.

HecnoxHo BUIETh, YTO TaKUMH CBOMCTBAMH O00JIaacT aHAIUTHYCCKAs B
obnmactu D dyHkIus.

Teopema. Ilycts QynkIus f(Z) SBJISICTCSI OJIHO3HAYHON W OJIHOJMCTHOM
aHanuTuyecko ¢yukiued B obmactu D wu f'(z);tO npu ze€D. Torma

bynkrus  f (Z) MpPOU3BOAUT KOH(MOpPMHOE oOTOOpakeHue obnactu D Ha
obmacte G KOMIUIEKCHOW IUIOCKOCTH W, MPEACTaBISIONIyI0 co00# 001acTh
3HAYeHUH QyHKIuU W= f (Z) npu 2€D.

Lloxaszamenbcmeo. JI€CTBUTENBHO, B CUIIY YCIOBUS f'(z);tO npu z€D
oToOpaxkeHue, ocyiecTsisemoe Gynkiuein f (Z), BO BceX Toykax obnactu D

o0nazaeT CBOMCTBAMHM COXPAHEHHUS YIJIOB M MOCTOSIHCTBA PACTSKEHUN. JTO U
03Ha4aeT HCTUHHOCTb TEOPEMBI.

Teopema. Ilycts pyskuus (z) ocymecrsisier koHpopMHOE 0TOOpaXKeHHe
obmactu D komriekcHo# obnacTu z Ha 001acTh G KOMIUIEKCHOMW TIOCKOCTH
W u orpannueHa B D. Torma ¢ysxius f(Z) SIBJISIETCA OJHOJIMCTHOM H
aHaJIMTUYEeCcKol B obnactu D , mpuuém f’(z) #0 mpu zeD.

Jloxkazamenbcmeo. Tak Kak OTOOpakK€HHE, OCYILECTBIIAEMOE (QYyHKIUEH
f(z), sBusiercst KOHQOPMHBIM, TO OHO SIBISICTCS B3aMMHO-OJHO3HAYHBIM, U B
000l TOuke Zy€D  BBINOMHAIOTCS CBOWCTBA COXPaHEHWs YIJIOB U
IOCTOSHCTBA pacTsokeHui. CrienoBarenbHO, UId JIIOOBIX TOYEK Z; U Zp,
NPUHAUICKAIINX OKPECTHOCTH TOUKU Zy€ D ¢ TouHOCTBIO 70 OECKOHEYHO
MaJIbIX BEJTMYMH BBITIONHSAIOTCS COOTHOIICHUS:

AW, _ AW
Az, - Az;
rne Az =12,—12y, Az, =12,—12; — OCCKOHEYHO Mallble JHMHEHHBIC 3JIEMEHTHI,

argAw, —argAw, =argAz, —argAz; u =k =0,

BBIXOJAIINE U3 TOUKH Zy, a AW, 1 AW, uX 00pa3bl IPU OTOOPaKECHUN.
B cuny argAw, —argAw, =argAz, —argAz; COOTBETCTBYIOILHUE YIJIBI B
TOYKaX Zy U Wy paBHbl HE TOJBKO IO aOCOJIIOTHOM BEIMYMHE, HO WU IIO

Aw.
Hanpasnesno. OG6O3HauuMB  arg —22 = arg Aw, —arg Az, =arg Aw; —argAz, =
2
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AW,
:arg—lza. Torz[a C TOYHOCTBKO OO0 6eCKOHe‘1HO MaJIbIX BCINMYMUH HMCCT

Az;
AW, AW -
MECTO COOTHOIIEHHE —2 = — 1 _ kel?
Az, Az,
B cuiily NpoM3BOJILHOCTH BHIOOpA TOYEK Z; U Z, B OKPECTHOCTH TOUKH Z
Aw, Aw o
COOTHOIIEHHE —2 =—""1_ke 03HAuaeT, 4YTO CYIIECTBYeT Ipejel

Az, Az
w
Pa3HOCTHOI'O OTHOIICHHA —— IIPU AZ—)O 10T mpcacii 1mo OIIPCACIICHUIO

Az
sisiercst ponsBoaHoi gyrkunn f(z) B Touke zy. Tak xak K#0, To sra

. Aw ,
MPOM3BOHAS OT/IMYHA OT Hymsi: lim — = f'(zy)#0.
Az—0 AZ

Tak xak Touka Z; — npou3BoJbHAs Touyka oOnactu D, mosromy (yHKIMS
f(z) apisgercs aHanutuueckas B D . Kpome storo, f'(z);tO nmpu zeD.
OnuomucTHOCTh  QyHknuu  f (Z) clenyeT W3 B3aWMHOW OJHO3HAYHOCTH

OTOOpaKeHUs.

Urak, Teopema 1okazaHa.

Kondopmuoe orobpakeHune, TakuM oOpazoM, obimactu D KOMILIEKCHOM
IUIOCKOCTH Z Ha 00macth G KOMIIICKCHOM IUTOCKOCTH W OCYIIECTBISCTCS
TOJIBKO  OJIHOJIUCTHBIMH  AQHAJUTUYCCKUMU  (PYHKIIUSAMH  KOMIUICKCHOM
MEPEMEHHOM C MPOU3BOAHOM, OTIMYHOM OT HYJISI BO Beex Toukax obsactu D .

Ilocmpoenue Konghopmuvix omoopaxrcenuii

JUist mocTpoeHuss KOH(MOPMHOTO OTOOPAKEHMsI CYIIECTBYET LEJbIM psij
npuE€MOB, OJJHAKO, CPEIM HUX HET TAKOIro, KOTOPBIN MO3BOJISUT BCAKYIO 00JIacTh
peBpauaTh BO BCAKYIO.

Juneiunas  gynxyus  f (Z) =az+b, rme a=#0,b - mpousBonbHbIE
KOMIUIEKCHBIE 4YHCJIa, OCYIICCTBIsACT KOH(GOPMHOE OTOOpakKeHUE IMOJTHOM
KOMITJIEKCHOM IMJIOCKOCTH Z Ha MOJIHYI0 KOMIUIEKCHYIO MJIOCKOCTh W, TaK Kak
3Ta (PYHKIUS OJHOJIMCTHA U €€ MPOU3BOIHAS f’(z):a;«éo BO BCEX TOYKax

IUIOCKOCTH Z.

IIpumep. Iloctpouth GyHKIHIO, OCYHIECTBISIIONIYIO  KOH(OpMHOE
oToGpaeHnue kpyra |2 —1—i|< 2 Ha equuuunbii kpyr |W|<1.

Pewenue. Tak kak 00JacTH MCXOAHAS U OTOOpa)KE€HUs MOAOOHBI, TO Peyb
MOJKET UATU TOJIBKO O CXKATHSIX-PACTHKEHUSX U TOBOpOTax. B kadecTBe Takoii
(GYHKIUM MOXKHO B35Th JHHEHHYIO QyHKIHO f (Z) =az+b.
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3a pactshxeHue oTBeyaeT kKodpduuueHT a. Tak kak paguyc yMEHbIIaeTCs B

1
ABa pasa, TO U KOB(b(bI/IHI/IeHT JOJDKCH OBITH BIABOC MCHBIIC, TO CCTb ‘a‘IE.

ApPryMeHT MOXET UMETh JIF000€ 3HAYCHHE; OH TPUOABUTCS K apTYMEHTY Z U 3TO
NPUBEAET K TOBOPOTY OTHOCUTENLHO IIEHTPa KOOPJIUHAT B IJIOCKOCTH W.
Teneps HagO BEHINOJHHUTH CMEIIEHHE M3 IIEHTPa OKPYKHOCTH Zy =1+1, To

ectb W=a(z—17).

Ipumep. Iloctpouts ¢yHKINIO, KOHGOPMHO OTOOPaXKAIOUIYIO TIOJIOCY
0 <Rez < a Ha BepxHIOI0 nojaymiockocts Imw>0.

V4
Pewenue. dyHKIUA z; =—2Z 0TOOpa)kaeT UCXOIHYIO II0OJIOCY Ha IIOJIOCY
a

O<Rez; <7z. ®yHkuus z, =1Z; TEPEBOJAUT MOIYUYCHHYIO MOJOCY B IMOJOCY

O<Imz,<z. Haxonem, ¢QyHKIMS W=6€"2 oCymIecTBISET KOHPOPMHOE

0TOOpaKeHHE TAaHHOM MOJIOCHI Ha BEPXHIOK MoJayIuiockocts Imz > 0. [Toatomy
GbyHKIHS, OCYIIECTBIISIIONIAs JaHHOE KOH(QOPMHOE OTOOpa)KeHHEe, MOKET OBITh
iZz
MpeIo’KEeHa B BUjie W=g 2
Jlpobro-nunetinas ynxkyus.
Omnpenesenue. /[pobHno-nuneunou  @yukyuei  Ha3biBaeTCs  QYHKIUS
a+bz

c+dz
3aJaHHBIC KOMIIJICKCHBIC ITOCTOSHHBIC, KOTOpre JOJI>KHBI y,Z[OBJ'IGTBOpHTI)

KOMILJICKCHOW TICPEMECHHOW, HMEIOMmas BUI: W= , rme a,b,c,d —

a
YCJIOBHIO —;ta (B mpoTuBHOM ciy4yae GyHKOMs OyAeT MNpoCTO paBHA
C

MTOCTOSIHHOM ).
Hecnmoxno  Buaerh, 4YTO  APOOHO-IMHEHHYIO  (YHKIHIO  MOYKHO
a+bz PEAR:
c+dz P+
SBJIICTCSI OJHO3HAYHOW aHAIUTHYECKOW (DYHKIIMEW Ha TOJHON KOMIUIEKCHOM
MJIOCKOCTH Z W WMEET EIWHCTBEHHYIO OCOOYI0 TOYKY — TIOJIIOC TIEPBOTO

nopsiika Z=—,.

npeoOpa3oBaTh K BHIY: W= , Tne a#f. Dra QyHKIM

Ao — pw N
O6patHas (yHKUUS 2Z :—ﬂ TaK JK€ SBISETCS APOOHO-JIMHEHHOMN

dyHKLMeH, onpenenéHHON Ha MONHON miockoct W. IIpu aTom Touka Z5=—/

NEPEXOANT B TOYKY W =00, a TOYKA Z =00 MEPEXOJUT B TOUKY W= A1,
[TpoBepum, paBHA U TPOU3BOIHAS (DYHKITUN HYJITIO:

f’(z): la+z 2 f—a

0.
p+z (ﬁ+z)2¢
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W3 nomy4eHHOro ciemyer, 9YTo QyHKIMS MOKET OCYIIECTBIATH KOH(POPMHOE
0TOOpakKeHHE IIIOCKOCTH Z Ha IUVIOCKOCTh W.

Teopema. 3ajaHueM COOTBETCTBUS TPEM PA3IUMYHBIM TOYKAM IJIOCKOCTH Z
TpEX pa3INYHbIX TOUEK IUIOCKOCTH W APOOHO-JIMHEHHas (PYHKLMS ONpesesieHa
OJTHO3HAYHO.

JloKa3aTeNbCTBO ~ OCYILECTBISIETCS  HEMOCPEICTBEHHBIM  BBIYMCIICHUEM
napametpoB A, a, [ ApoOHO-TMHEHHOHN QyHKIHY.

Teopema (kpyrosoe cBoiicTB0O) JlpoOHO-muHEHHAs (QYHKIUS MEPEBOJIUT
OKPYHOCTH Ha INTOCKOCTH Z B OKPYXHOCTH Ha INTOCKOCTH W.

JloKa3aTenbCTBO  MPOBOAMTCS  IMYyTEM  HEMOCPEACTBEHHOW  IPOBEPKU
noyvarmuxcs Gopmyi.

Ipumep. Haiitn ¢pyHK1IMI0, KOHPOPMHO OTOOpAKAIOLIYIO0 €IMHUYHBINA KPYT
|z| <1 na mwkHIOKW MONTyMIOCKOCTE IMW < 0.

Pewenue. ]Jlna peiieHus 3amadyd HaM HYXXHO MPEJIOKUTH, Kyaa OyIyT
0T06pa}KaTI>C}I I'PaHUYHBIC TOYKHU oOJracTei. HYCTL COOTBCTCTBHUC 6y,[[eT TaKHUM:
z1=1->w=0, z,=1i>wW,=1, Z;=-1> Wy =00.

I+a
2+ p
noixyauM, 4to o =-1. Temepp Bocmodb3yeMcs yCIOBUEM Zg=—1-—> W;=00.

Tak kak w=A1

, TO, BOCHOJb30BaBUIUCh yciaoBueM Z3=1—->w =0,

3HaMeHarenb OOpaTUTCS B HYJIb — IMOJYYUTCS OCCKOHEUHO yAalNEHHas TOYKa.
1o Oyner, korga Z=—f, 1o ecth [ =1.
z-1
B pesynbraTe QyHKIMS noxyunaa Bug W= /1—1 :
Z+
Koadpdumment A  HeclnokKHO HAWTH, TOJICTABHB BTOPE YCJIOBHE:
i+1 (i+1)(i+1) 1+2i-1
i-1 (i-1)(i+1) -1-1

Toectp 1= /1!;1, OTKyJa A =
1+1

Takum 00pa3om, OKOHYATENIHHO MOJIy4aeM COOTHOIIIEHUE: W = —i Z—_l

z+1

IIpu Gosee CIIOXKHBIX OTOOPKEHHUSIX HECKOJbKHX OKPYKHOCTEH TOJIe3HA
CJIeIyIoNIas Teopema.

Teopema. Ilpu oToOpakeHHH, OCYIIECTBISIEMOM APOOHO-TUHEHHOM
byHKIMEH, TOYKH, CHUMMETPUYHBICE OTHOCHTEIBHO JIO00OM OKpPYXKHOCTH,
NepPeXoAsaT B TOUKH, CHMMETPUYHBIE OTHOCUTEIILHO 00pa3a 3TOW OKPY>KHOCTH.

IMpumep. Haiitn dhyHKmo, KOHPOPMHO 0TOOpAKAIONTYIO0 €TMHUYHBIN KPYT

|Z| <1 cam Ha ce0s Tak, 4TOOBI 3aJJaHHAsi BHYTPEHHsASA TOUKA Z; Iepeluia Obl B

LIEHTp Kpyra.
Pewenue. Bocnonpdyemcsi npoOHO-nMHENHOM (QyHkumed. Touka Z,

neperaéT B LeHTp Kpyra, T.e. Touky W=0, a Touka, CAMMETpHYHAsI TOUKE Z
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OTHOCUTEIIBHO MCXOAHOM OKPYXHOCTH |Z|:1 — TOYKa Z;, MEPEUIET B TOUKY,
CUMMETPUYHYIO OTHOCUTEIIBHO HOBOM OKPY>KHOCTH |W| =1 e€ nentpy. Ho sto —
-1,

OEeCKOHEUHO ynali€éHHas Touka. To ecTb W= A :
71-12
1

MacmtabupoBaHuss HE MPOUCXOIUT, CICTOBATEIHHO, |/”L|=l, wim A=e'’

JUTSL BCSIKOT'O BEILECTBEHHOIO @ .
6. OnepanuoHHOEe UCYUCIEHUE
OcHoBHblEe NOHAMUA ONEPAUUOHHO20 UCUUCTIEHUA

Onpenenenne. [Ipeobpazosanue (M uzodpasicenue) Jlammaca cTaBUT B
coorsercreue pynkuuu f (t) nelicrBurensHoil nepemennoit t pynkuuo F(p)
o0
KOMILIEKCHOH TEPEeMEHHOR P ¢ IoMowIbio cooTHOmeHns F(p)= I e P f (t)dt.
0
[Monyuyennas GpyHKIUs Ha3bIBAETCA npeobpazoeanuem Jlannaca.
3ameTuM, uTO NpeodpasoBanue Jlamiaca IPUMEHMMO OTHIOIb HE KO BCAKOM
dyrkumy. @yuxnus f (t) 1oKHA yOBIETBOPATH CIEAYIOLIMM YCIOBHSM:

1. IMpu t<0 f(t)EO.
2. Hpu t>0 dynxuus f(t) Ha mroGom koHeunom yuactke ocu t umeer He

0oJiee yeM KOHEYHOE YHCIIO TOUCK pa3phiBa BTOPOTO PO/Ia.

3. IIpu t = o0 pysaxmus f (t) MMEET OrPaHUYCHHYIO CTEIIeHb POCTa, TO €CTh
UL KOKI0W (QYHKIIMA pacCMaTpPUBAEMOTO Kilacca CYIISCTBYIOT —TaKHe
nonoxurenpHsle M u a, uro mis Beex t >0 | f (t)| <Me*,

o
Teopema. Wuterpan F(p)= Ie_ P (t)dt cxomures B obmactu Rep>a,
0
re a — mokasaTeib creneHu pocta Qyukiun f (t), npuuéM 17 J1I000ro X, > a

unterpan F(p)= Ie_ PLf (t)dt mpu Re p > X, >a cXoauTes pABHOMEPHO.
0

Hoxazamenvbcmeo. J1s BCIKOro P=X+1y mpu X >a MOXKHO yKa3aTh TAKOE
£>0, uro X>a =a+¢&, npuuEM | f (t)| <Me®. Bocnoms3yemcs Temnepb
PU3HAKOM CPaBHEHUS CXOJAMMOCTH HECOOCTBEHHBIX HHTETPAJIOB:

o0 o0 M
F(p)=|[e™f(t)df|<M[eXeMdt= ,
0 0 X—3a
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rae X > a;. HecnoxHo BUAETH, YTO 3TO YHUCIIO CYLIECTBYET U KOHEUHO.

Tak Kak MHTErpajg paBHOMEPHO OILIEHUBAETCS CBEPXY, TO B CHIIy IpPU3HAKA
Beiiepmtpacca uHTErpas paBHOMEPHO CXOJUTCS IO mapameTpy P B obyactu
Rep=Xx,>a.

3ameuanne. B mnpuiokeHHSX YacTO UCIOIb3yeTcs MpeoOpa3oBaHue
X3BHUcalaa:

F(p)= pTe‘ptf(t)dt.

Teopema. IIpeobpasoBanue (n3o6paxenue) Jlammaca F(p)= Ie_ PLE (t)dt
0
byuknun f (t) ABJIAETCS] AHAIUTUYECKON (DYHKIIMEH KOMIUIEKCHON IEPEMEHHOM

p Bo6nactu Rep>a, rae a — nokasarens crenenn pocra Gyukuun f (t).

Jloxazamenvcmeo. B cuity npenpiayiieit TeopeMbl HECOOCTBEHHBIN HHTErpa
cxomutrcs B obmactm Rep>a. Pa3o0béM WHTEpBaJl HMHTETPUPOBAHHUS Ha

OTpe3KH [t;t;,; | Tpom3BONIBHON KOHEUHOH MmuHEL, mpuuéM ty =0, t, — o mpu
n—oo. Torma ¢ynkums F(p) npum Rep>a mpencrasmser coboii cymmy

o o0
cxomsimerocs psiga: F(p)=Y] I e Pf (t)dt=> u,(p).
n=0 t, n=0
”
Hec05KHO 3aMeTHTh, YTO OCTATOK psja 37eCh je_ P (t)dt — umrerpan,
t
3aBUCAIIMI OT mapameTpa P 10 OTpPe3Ky KoHeuHo# mmuHbl. CornacHo

CBOMCTBAaM TaKMX MHTETPAJIOB, OMUCAHHBIX B [6], Bce HyHKIIUU un( p) ABJISAIOTCSA

[e e}

nensiMu pyHkmussMu P . CiienoBaTenbHO, P Zun ( p) obyamaer B obyacTu
n=0

Rep>a Bcemm cBoiicTBaMH, HEOOXOMAMMBIMU JJISI TIPHUMEHHUMOCTH TEOPEMBI

Beitepmtpacca. CrnenoBarenbHo, (QyHKITHS F(p) SIBJIIETCSL aHAJTUTUYECKOU B
obmactu Rep>a, m e€ mpou3BOJHBIE MOXXHO BBIYUCIATH, AUPHEpPECHIUPYS

MOIBIHTErPATBHYIO (DYHKIIUIO TIO TApaMeTpy.

Boeraucnum npeobpazoBanus Jlammaca pasnuyabix GyHkmui. OTMETHM, YTO
Hepenko mpeoOpasoBanue Jlarutaca ToW WM WHOM (YHKIMH HAa3bIBAIOT
u30opadiceHuem QyHKyuu.

Ipumep. Enunnynas ¢pyaknus XsBucaiiaa.

0, t<0
ITycTsb f(t)zao(t):{l tiO.Torﬂa f(t)DF(p)= f(t)e"ptdtzi.

P

O — 8
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Urax, oy (t)0 e

p
Brruucnsas npeoOpazoBanue Jlammaca ajig pasinuuHbIX (QYHKIUH, MOXKHO
MOCTPOUTH UX TAOIUILY.

Taoauya npeoopaszosanuii Jlannaca

e“tDL, Re p>Rea tVD—r(V+l), v>1 Rep>0
p—c pv+1
t" [ n! N — HamypanvHoe
cosatl] ——, Rep>|ima| T yp ,
P+ me
p>0
07—
sinwtm%, Rep>|Ima| tcoswtiﬁ,Rep>|lma)|
p+o (p +a))
at p—A
tsinot [ —2P? , Rep>|Ima e cosat | 2. 2
2 2\? (p-2) +w
(P*+?)
Rep>|Ima|+Rel
At o w
e sinat (] , -
(p—/1)2+a)2 Smaﬁmg—arctgﬁ, Re p>|Imao)|
Rep>|Ima|+Rel @

3aMeTM, YTO MHOTHE H300paXKEHUs PpPA3NUYHBIX (PYHKIUHA MOMKHO
MOJIYYUTh, UCTIOJb3YSl CBOMCTBA U300paKEHUIA.

Ceoiicmea npeoopazoeanusn Jlannaca

1. JInneliHOCTH M300pasKeHUsI.

CaoiictBo 1. Ecu f; (t)U K (p), Rep>a;, i=L N, o Torna
N N
f(t)=> fi(t)0 D F(p)=F(p),ecmn Re p>maxa;.
=1 j=1

Jloka3aTenbCTBO TOJYYAETCd WHTETPUPOBAHUEM KOHEYHOM CYMMBI U U3
CBOMCTBA JINHEWHOCTH CXOJSIIETOCS UHTErpala.
2. ApryMeHT, YMHOKEHHbIH HA YHCJIO0.

Caoiictso 2. ITycts f (t)J F(p), Rep>a. Torma f (at)0 1 F (Bj
a \a
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Hoxasamenvcmeo. f (at)l] I f (at)e Pdt= ! I f( at) d(at).
0 2%
Jlenaem 3ameHy niepeMeHHon ot =7.
ITonyyaem:
17 () 17 e 1 _(p

3. Teopema 3ana3abIBaHusl.
CeoiictBo 3. [Tycth f (t) I F ( p), Re p>a. Ilycts 3amana GyHKIUS
0, t
f(t)= { T
f (t — 2'), t>r
Torna f(t)0 F(p), Rep>a.
Hoxasamenscmeo.  f,(t)0 I f.(t)e Pdt= I f(t—z)e Pdt. B wunrerpane

T
caenaeM 3ameny X =t—7. Torga momyunm:

f.(t)0 j f (t—r)e‘ptdtzj f (x)e_p(x”)dx:j f(x)e™Pe Pdx =
T 0 0

— e‘p’j f(x)e Pdx=e"P"F(p).
0

4. U300paxeHnne NpPOU3BOAHOM.

CpoiictBo 4. Eciu  f '(t) YAOBJIETBOPSIET YCIOBUSAM CYLIECTBOBAHUS
m3obpaxenns npu Rep>a wu  f(t)0F(p), Rep>a, 1o
f'(t)J pF(p)-f(0), Rep>a.

Llokazamenvcmeo. Jl0Ka3aTenbCTBO MOYKHO IOJIYYUTh HEITOCPEICTBEHHBIM
WHTETPUPOBAHUEM:

o0 o0

(1) [ £/(t)e Pdt = [e ™df (t)= f (1)), -

0 0

f (t)de ™ =—f(0)+

+p| f(t)e P'dt=pF(p)- f (0).

Ot 8 O—§

Caencreue: Ecm  f(™ (t) ymoBIETBOpSCT YCIOBUSM CYIICCTBOBAHHMS
n3obpaxenns npu Rep>a u f(t)U F(p), Rep>a, 1o
£ ()0 p"F (p)- p™f (0)— p™2£/(0)—...— £ (" (0).
JIOKa3aTeNnbCTBO MPEACTABISET COO0W MHOTOKPATHOE MHTErPUPOBAHHE TI0

qacCTsAM.
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5. M300paeHne HHTerpaJa.
Csoiicrso 5. [Tycts f (t)J F(p), Rep>a. Toraa
t

(o(t):jf(r)dTD%F(p), Rep>a.

Jloxazamenbcmeo.  HecnoxkHo  mpoBepuTb, 4TO  (QYHKIIHS gp(t)

YIOBIETBOPSIET BCEM YCIOBUAM CYIIECTBOBAHMS M300PAXKEHUS, HPUUEM
moKasaTellb CTENECHH POCTAa TAaKoil ke, Kak y ucxonaHoi ¢ynkumm f(t).

Breraucimm n3obpaxenue QyHKIIAN gp j e Pt I T

Ilomensiem B HHTCTPAJIC ITOPAOOK HHTGFpHpOBaHI/IH, HOJIyLII/IM.

o0 o0 e 0]

p(t)0 jf(r)drje-mdt:%j f (f)e-pfdrz%F(p).

AHaJIOTMYHO MOKHO J[0Ka3aTh CIIy4ail ¢ MHOIOKPATHBIM HHTEMPUPOBAHUEM.
6. U300pakenne cBepTku. Ceépmioi pynxyuii f)(t) u f,(t) HassBaeTCH

dyrkuust ¢ (t), onpesenéHnas COOTHOEHHEM
t

o(t)=[ fi(r) fo(t-7)dr = jfz ) f,(t—7)dr.
0
CaoiicTo 6. Ecn f, (t)U F(p), Rep>a1, f,(t)0 F,(p), Rep>a,, To

Torza ¢ (t jfl )f,(t—7)dz I F(p)F,(p), rre Re p>max{a,a,}.

ﬂommmeﬂbcm@o. Ceéprka ¢dymkmuit f(t) um f,(t) ¢ orpanmuenHoit

CTENIEHBIO POCTa TaKXke OyneT (yHKIMEH C OTPaHWYECHHOW CTENEHBIO POCTA.
JlelicTBUTENBHO,

|(0(t)| = j fi(z) f,(t-7)dz

t
g ey MM )

0 0 a —
M;M
<—1"26% rpe a=max{a,a,}.
a — 8
Jlist BeraucieHust n300paxeHus ¢ (t Ie ptdtJ. fi(z) f, (t—7)d7 m3MennM

0 0
MOPSIOK I/IHTerI/IpOBaHI/I}I

je p‘dtj f1(7) fo(t—7) t)dr]oe"ptfz(t—r)dt.

—
[
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3ameHsisi mepeMeHHYyI0 X={—7 B0 BHyTpEeHHEM HWHTETpaje, MOoJydaeMm

o0 o0
COOTHOILICHHUE: J e P f (7)dr J e P“f, (x)dx, 4To U TOKa3BIBACT CBOMCTBO 6:
0 0

Te_pT fl(T)dTTe_pX fo(x)dx=F (p)F,(p).

7. IuddpepenunpoBanue n300pakeHusl.

CeoiicrBo 7. Ilycts f(t)[JF(p), Rep>a. Torma —tf ()0 F'( p),
Rep>a.

Jloxkazamenvcmeo. Oynkmus F ( p) — aHanuTH4ecKas. [[pon3BoaHYIO Takou

GyHKIMM MOKHO BBIYMCIHUTH B 00JIaCcTH €€ OMNpesesieHHs, HEeOCPEICTBEHHO
muddepeHMpyss HMHTErpall 0  Hapamerpy (J0ka3areiabcTBO cM. [6])

F'(p)0 ij f(t)e Pdt=—] f (t)te"™dt.
dp 0 0
Tak kak ymHOXeHue QyHkiuu f (t) Ha Mo0yIo cTeneHb t" He MeHser eé

CTEIIEHU POCTA, MOJYYUM YTBEPKIAECHUE TEOPEMBI.
8. UHTerpupoBaHue n300paKeHus.
f(v)
t

CpoiictBo 8. Ecimm  Qynkmms YAOBJIETBOPSIET  YCIOBUIM

cywecrsoBanus nzobpaxennsi u f (t)0 F(p), Rep>a, o @ ] j F (x)dx.
p
9. Teopema cmemneHusl.
Caoiicreo 9. Ecim f (1) F(p), Rep>a, To 11t 1060r0 KOMILIEKCHOTO

uncna A e f (1) F(p+4), Rep>a-ReA.

[To wW300pakeHHI0 MOXKHO BOCCTAHOBUTH HMCXOAHYIO (yHKIHMI0. Camblii
MPOCTON Croco0 3TO caenaTh — HAWUTH (YHKIUIO B TaOJMWIlE U TMPOBECTH
HeoOXxoauMoe mpeoOpaszoBanue. [Ipy HEOOXOAMMOCTH HMCKOMOE BBIpaXKEHHUE
MOXHO TMpeoOpa3oBaTh K CyMME HECKOJIbKMX HW300paKEHU W3BECTHBIX
GbyHKIHiA.

1

Ipumep. Boccranosute usobpaxenue F (p)=— %
p —

Pewenue. Pazo0bém F(p): Ha CyMMy (QYHKIHMMA, HCIOIB3YS

p°-1

TPABHIIO HEONPeIenEHHbIX Kodhdurmentos: F(p)= t 11 + 11
’ pP-1 2p-1 2p+1
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Tax kak KOA(QPUIMEHT MOKHO BBIHOCHTH 3a 3HAK NpPeoOpazoBaHUs, TO

y 1 t

MOKHO HaWTH OTIENBbHO MpooOpa3 (yHKIUH 1 51 [Je" u mpoobpa3

pP- p—-
1ot
p+1
VYuuteiBas CBOMCTBA JIMHEHHOCTH, MOJIyYaem, 4To

1 Lo, .t

F = J—le +e ).

Teopema (popmysaa Menaunna). [Iycts u3BeCTHO, UTO 3a7aHHas QYHKIUS

F(p) B obmacru Rep>a sBusercs u300pakeHHEM KyCOYHO-IIIAJKON
dyukuun f (t) meficTBurensHol nepemennoii t, obnanaroweii crenexsio pocra
a. Torma
1 X+ioo
f(t)==— | e™F(p)dp, npu ycnosuu, uro X > a.
27z 7
JloKa3aTebCTBO TEOPEMBI MOYKHO HallTH B [6].
Cxo/iHas TeopeMa CyILECTBYET U JJIsl IPOU3BEICHHUS IBYX H300paKeHHUIA:
Teopema. Ilycts f,(t)J F(p), Rep>a;, f,(t)0F,(p), Rep>a,.

Torna

0= 60 )7 F(p) = | R(a)F(p-a)da-
=%jj:a(p—q)a<q)dq,

npuaém QyHkius F ( p) olpejesieHa U aHaJuTHU4YHa B obnact Rep>a; +a,, a

WHTETPUPOBAHUE MPOU3BOAMUTCS MO JIIOOOM MpsMOM, MapajjieIbHOW MHHUMOU
OCH, YJOBJIETBOPSIOIIEH B IEPBOM cCiydae yciaoBuio & <Req<Rep-a,,

ycloBuIo a, < Req < Re p—a — Bo Bropom.
Jloka3arenbCTBO MOYKHO TaK)Ke HalTH B [6].

%, Rep>0, w?>0.
P’ +w

Pewenue. Yto6sr Haiitn gynkumio f (t), Hago mposectn npeoGpasosanue

Ipumep. Haiiti opurnnan dynkuun F(p)=

MCHHI/IHa, TEM 60.]'[66, qTo BCC YyCJIOBUA i1 JOIIYCTHUMOCTHU  OTOTI'O

1 X+ioo e ptdp

npeoGpasoBanuy Bemonsensr: f (t)=— | ————, x>0.
27i 2+ p?

X—ioo @ P

[TpomomkuM aHanUTHYECKH (YHKIHIO B JIEBYO MOJyIuiockocte Rep<0.
DTO aHANIUTUYECKOE MPOJODKEHUE YAOBJIETBOPSET BCEM YCIOBHUSM JIEMMBbI
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Xopnana, u y Hero ecth B¢ 0COOBIX TOUKH — P = tiw. CiemoBaTenbHO, MOKHO

NpEeBpaTUTh  MPSMYI0  UHTETPUPOBAHUS B 3aMKHYTBHIH  KOHTYp  —
MOJIyOKPY>KHOCTh, JTUAMETP KOTOPOW pacCloOKEH BEPTUKAIbHO, a cama
MOJIYOKPY>KHOCTh JIEKUT B JIEBOM YacTU KOMIUIEKCHOW MOJNYIJIOCKOCTH U
BBIYHCIIUTDh UHTETPAJI C TOMOIIBIO BHIYETOB:

17 wePdp 1 wePldp & ePw ePlw
f(t)ZZi ,[ 2 2:2im 2 Z:Zres 2 2’pj:2 +
i @ TP a cg ¥ +P j=1 @ +p P p=—iw
pt
€ o =sin(at).
2p

p=+iw

3ameTuM, 4TO B KHHTIe [6] paccMOTpeHO OOJBIIOE KOJIMYECTBO IMPUMEPOB
BBIYMCJICHUS UHTETPAIIOB ¢ TIOMOIIBIO MpeoOpazoBaHus MerumiHa, Mbl 0oJiee He
OyJileM Ha HUX OCTaHABJIMBATHCS.

Pewenue oughpepenyuanvnvlx ypasruenuii onepayuoOHHbIM MEMOOOM

OmHO U3 TPUIOKEHHM  OIMEPANMOHHOIO HCYHUCICHUS — PEIICHUE
OOBIKHOBEHHBIX  AU((depeHIranbHbIX  YpaBHEHUH  C  TOCTOSHHBIMHU
kodpdunreHTaMu MeTojIoM u3o0pakeHuit. OQHAKO 3/1€Ch €CTh OTPAHUYCHUS:
3amada s AudPepeHmaIbHOr0  ypaBHEHHS JIOJKHA OBITh  HAYaJIbHOM,
JIOJDKHBI OBITH MOCTaBJeHbI yciaoBusi Komm. B aToM cnydae meton perienus ¢
MOMOIIIBIO N300paXKEHUH TIOJTy4aeTCsl IOCTATOYHO MPOCTHIM.

3amaua Komm a5  oObIKHOBEHHBIX Jud(epeHInaTbHBIX ypaBHEHUM,
KOTOPBIE MBI CMOKEM pEIlIaTh TAKUM METOJIOM, UMEET BUJ:

a0y (1) +ay "™ (t) 4.+ 2y 1y +ayy = T (1),

_ | (-1 _
y‘tzo_yo’ y‘tzo_yl""’y t_o_y”—l’
rae ag, dq, ..., d,, a Tak K€ Yy, ..., Y,_1 — HCKOTOPBIC 3aJaHHBIC TIOCTOAHHBIC
BemunHbel, | (t) — 3amaHHas (QYHKIUS, 3aBHUCAIIAs OT HE3aBUCHUMOUN

nepemeHHoi . f(t) OylIeM cudTaTh YJOBJIETBOPSIONIEH BCEM YCIOBHSIM

CYIIIECTBOBAaHMS M300paKEHUSI.
Pemenne 3amaum mius nudGepeHIUATBLHOTO YpaBHEHUS CTPOUTCS MPOCTO:
Mbl OepéM ypaBHeHHE @, y(n) (t)+ aly(n_l) ()+..+a, 1y +a,y=f(t) =

CTpouM ero nzobpaxenue Jlamnaca:

I(aoy(”) (t)+ a,y" Y () +..+a, gy + any)e‘ptdp = I f(t)e Pdp.
0 0

3aMeTHM, YTO, KOTJa Mbl MHTEIPUPYEM HPOM3BOIHYIO K -ro mopsaka, Ml
oJIy4acM CJICAYIOIICC BIPAKCHUC!
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J‘ y(k) (t)e—ptdp _ _y(k—l) (0)_ y(k—Z) (O) p— y(k—S) (0) p2 _ yr(o) pk—2 _

~y(0)p*t+Y (p)p*, rme Y (p):jy(t)e‘ptdp.
0
CHGHOBaTeHBHO, HOquHM CJIeI[yIOHIee Hp€06pa30BaHI/Ie:

_[(aoy(”) (t)+ay" ™ (t)+...+a, ,y +a, y)e‘ptdp = (ao p" +a,p" "t +...
0
wota,qp+a,)Y (p)+S,4(p),
rae S,4(p)— MHOrowien mo mnapamerpy P, umerowmii cremens N-—1,
TOJTyYEHHBIH M3 HAYAIBHBIX YCIOBHIA:
Sh1(P)=2g (YO Py P Yo p yn—l) +

+a1(y0pn—2 + ylpn—3 +...+ yn_2)+... +a, 1Y, a F ( p) = J' f (t)e_ptdp _
0
B pesynprare HHTErpaJibHOrO0 NPEeoOpa30oBaHUS MOIYYUTCS BBIPAKEHHUE
BHUIA:

(aopn +a1p”‘1+...+an_1p+an)Y(p)+Sn_1(p): F(p).
Tax xak HaM HY>KHO HalTH Y (p) , TO BeIpazuM Y ( p):

Y(p): F(p)—Sn_l(p) _
g pn + alpn_l t..tapP+a,
Jlanbiie octa€Tcsi TOJBKO OOpaTUTh MOJYYEHHbIM 00pa3. ITo Tem OoJiee

IIPOCTO, 4YTO B 3HAMEHATEJIE BCETJA OKa3bIBAECTCSI MHOTOWIECH, KOPHU KOTOPOIO
MOXHO HalWTu. OOBIYHO MOCTYHAalOT TaK: MHOTOYIEH pacKIaJbIBAlOT Ha

F(p)-Sna(p)
agp" +a,p" "t +...+a, p+a,
QJICMCHTAPHBIC MHOXXHUTCIM, OJIA KaXI0ro M3 KOTOPBIX HAXOIAT Hp006p33

OTJEJIBbHO, MOJIb3YsICh TMHEHHOCTHIO 00pallieHus mpeodbpaszoBanus Jlamnaca.
Ipumep. Pemnts 3anauy Komm:

{y(4) +2y"+y=0,
y(0)=0, y’(0)=0, y"(0)=0, y"(0)=1.

Pewenue. Tlonp3ysch ¢opmyiaMu, yKa3aHHBIMU BBIIIE, IOJy4aeM, 4YTO

Y ( p)—;. Jlst oOpamieHus mojly4acM MHTErpall, KOTOPbIid ya00HO

Cpt+2p?+l

MHOXKHUTECIN, a CaMO BBIPAXXCHHC p2136I/IBaIOT Ha
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1 X+ioo eptdp
BBIYUCJIIUTD HCIIOCPCACTBCHHO! y(t) = 2— 2 - Hecnoxuo BUIACTD,
P +2pT 4l

2
4TO p4 +2 p2 +1:( p2 +1) , WIH, €CIU BBIACISITh KOMIUIEKCHBIE KOPHHU, TO

) ) 2 ) )
p>+1=(p+i)(p-i),n p*+2p? +1:(p2 +1) =(p+|)2(p—|)2.
HOI[CT&BJI?IH HOqueHHOC Bpra>KeHI/Ie B I/IHTerpaJI, HOHyT‘IaeM:
1 X-+ioo eptdp

y(t)=-— |

5 2 N2
215 (p+i)* (p-i)
UMeEIoIIas MoJiroca B Toukax P==i, NpU4YEM, KaK CIIEAYET U3 BTOPBIX CTEIECHEN

Takum oOpazoMm, momydaercs (QYHKIIHS,

3HaMCHATCJIA, ITIOJII0Ca 6YIIYT BTOPOTI'O IIOPAOKA.
CJIGIIOBEITGJIBHO, HHTCTpaI HCCIIOKHO BBIYUCIIUTDE C IIOMOIIBIO TCOPHUHA
BBIYCTOB:

X+ioo pt pt pt
y(t)= L .[ e dp —res{—e ,p:i}tre{—e p—i}:

o ; 4 2 - 4 2 4 2 M=
27l S opT+2p°+1 p*+2p° +1 p+2p°+1

pt pt
:[di ° _ 2] J{di ° _ ZJ :%(sint—tcost).
P(p+i) o P(p-i) .

3aMeTUM, 4YTO HEPEAKO YPaBHEHHUSI MOXKHO PEIIMTh TOpa3fo Mpolle, He
npuberasi K BBIUMUCICHHUIO MHTErpajiia BooOie, a 3Has Tabmuiy oOpaszoB. B
KaueCcTBE MIPUMEpa pacCCMOTPUM CIEAYIONIYIO 3a/1a4y:
y"+3y'+2y =0,
y(0)=0, y'(0)=1.
Pewenue. Bemonusem npeobpaszoBanue Jlamnaca. [lomyunm:

[ yeP'dt=—y"(0)-y(0) p+ p? (p)=—1+ p*Y (p),
0

Hpumep. Pemnts 3anauy Komu: {

Ty'e‘ptdt:—y(0)+ pY (p)=pY (p),

B pesynbTate ypashennme mpumer Bum: —1+ p2Y (p)+3pY (p)+2Y (p)=0,
1

(0] aY =
Tiyaa Y (p) P’ +3p+2
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BBIpa)KeHI/Ie B 3HAMCHATCJIC HCCIIO)KHO PA3JIOKUTb Ha MHOXUTCIIH,

1

Y(p)= M jJalee —  Ha  DJEMEHTapHble  IPOOH:
(p) (p+1)(p+2)
1 1
Y = )
(p) p+1 p+2

1 _ 1 _
CornacHo Tabmume, —— e Dem,omwmlmmnmm,mn

p+1 p+2

ImmmmeﬂmmmmmnM&anny:e%—eit
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