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BBEJAEHHUE

HeoOxomumMocTh  BO3HUKHOBEHUS  JAU(PPEpEeHIMaNbHOIO W HMHTErPajIbHOTO
UCUYHUCIICHUN TPOUCTEKaeT M3 TOro (hakTa, YTO H3YUYCHHE SBICHUNA NPUPOABI U
TEXHUYECKUX IIPOLIECCOB B TMOAABISIOMEM OOJNBIIMHCTBE CIY4YaeB MPHUBOJIHUT K
MaTEeMaTUYECKUM 3aJa4aM 08X munoe, IpuueM OKa3bIBA€TCs, YTO 3aJa4Hd OJJHOTO TUIIA
pelIaTcs METOI0OM, COCTABIISIIOIINM CYIIHOCTD Oug@epeHyuanrbHo20 NCUUCIeHus (ITo
HE SBJISIETCSl MPEAMETOM PACCMOTPEHHS B JAHHOM PYKOBOJCTBE), a 3aJa4yd BTOPOTO
THUIIa — METOJIOM, COCTABIISIIOIINM CYITHOCTb UHMESPAIbHO20 NCUUCIICHUS.

B Hayke BO3HHK criepBa HE HEONpPEAENEHHbIN UHTETpall, a ONPEACIICHHbIN U HE KaK
pPa3HOCTh 3HAYEHMM MEepBOOOpa3HONM, a KaKk TMpeaesl HHTErpaibHOM CYMMBI.
OOBsACHAETCA 3TO TEM, UYTO TAKOTO poja MpeleibHbIA MEpexoJl MpeICTaBIseT coOon
€CTECTBEHHbIII METOJ pEeLIeHUs 3ajay, TUIUYHBIX JJI1 O4YeHb OOJIBIIOro Kpyra
IIPaKTUYECKUX BompocoB. K dWcimy TakMx 3aad OTHOCUTCS, HallpuMep, 3aj1ada
onpeneneHuss paboTel cuibl. Mcxoas W3 3TOro 4acTHOro mpUMeEpa, 3aaady
MHTErPAJIbHOTO HMCYMCIIEHHUS MOXHO C(QOpPMYJIHpOBaTh B OOIIEM BHUAE Kak 3agady
YCTAaHOBJICHHSI CBOWCTB SIBJICHUSA «B LI€TOM» (Ha MPOTSHDKEHUHM 3aJaHHOTO OTPE3Ka,
IPOMEKYTKa BPEMEHM M T.I.) HA OCHOBAaHWU €ro XapaKTepUCTUKU B TOYKe (Ha
OCHOBAHMHM MTHOBEHHOM, MECTHOW XapaKTEPUCTHUKH).

Wtak, BeIYMCIIEHHE PaOOThI CHIIBI CBOJUTCS K BBIYMCIICHUIO NIpe/iesia HHTErpaIbHOM
CYMMBI, T.€. K BBIYUCJIICHUIO ONPEIeIEHHOro nHTerpaia. To e caMmoe uMeeT MecTo IpH
PELICHUH BCAKOM 3a/1a4M pacCMaTpUBaeMOro THIIA.

Ha nepBoM 3Tame pa3sBUTHsS MHTErPAJbHOTO HMCUYUCIEHHUS BCE 3aJa4yd dTOTO THIIA
pelmaiIruch NpsMbIM BBIUACIEHUEM HCKOMOIO IPENesia HHTErPAIbHOM CYyMMBI; HIMEHHO
TaKUM IyTeM ObUIN pelIeHbl HEKOTOphIE 3a7aun yxe B ApeBHOCTH (Apxumen). Ho npu
TAaKOM IOJAXOJIe K JeNly Kaxaas HOBas 3ajauya MHTErpajbHOr0 MCUUCIEHUs TpeboBaja
U300pEeTeHHs] OCOOBIX CIOCOOOB I BBIYMCIICHHUS TIpelnesia KaKIou MoaydyaeMoi
MHTErpajibHON cymMbl. OO1Iero crnoco0a sl BBIYMCIICHHS MPEAEIOB MHTETPATbHBIX
CYMM HE CYIIECTBOBAJIO.

Mexay TeM NpocTOoe CpaBHEHHE CaMOil MOCTAHOBKM 3anay Jud(pepeHunanbHoro u
MHTErPaJIbHOTO MCYHUCICHUI MOKa3bIBAa€T, YTO 33/Ja4d ATUX ABYX THUIIOB SBIISIIOTCS B
MOJIHOM CMBICIIE CJIOBA B3aUMHO OOpaTHbIMHU. biarogapsi 3ToMy OTKPBITUIO MPSMOE
BBIYKCIICHHUE OIPEECICHHOI0 MHTErpaja Kak Mnpejena HHTErpaibHOM CyMMbl 0Ka3aloch
BO3MOXXHBIM 3aMEHUTH JeHCTBUEM, oOpaTHbIM auddepeniupopanuto. Takum obpaszom,
3aJlaqyu BTOPOTO TUTIA TPHOOPEIH ISl CBOETO PEIIeHUsT 00NN METOI.



1. MPUJIOKXEHHUE OINPEAEJIEHHOI'O HHTET'PAJIA K PEHHIEHUIO

I'EOMETPUYECKHUX 3AJAY

OnpeneneHHbIM UHTETPAjIOM MOYXHO BBIPA3UTh MHOTOOOpa3HbIE T€OMETPUUYECKUE U
¢u3nueckue BeauuuHbl. [Ipu 3TOM npuMeHsieTcs cienyromas equHoo0pa3Has cxema:

1) Uckomas Bemwumua U CTaBUTCS B COOTBETCTBHE C NpoMexyTkoMm (a,b)

HU3MCHCHUA HCKOTOPOI'O apryMcCHTA.

TaK, YTOOBI BBIPA3UTh HMHTCIpAJIOM ILIOIIAAb

B .
y 1] aABb mon nuHueit AB, cTaBHM ee B COOTBETCTBUE C
A . npoMesxyTKoM (a,b) m3smenenns abemucesr x.
.
P
P

UolUs U,
| : =
Ol 4 X x Xn
Puc.1.1

2) TpomesxyTok (a,b) paséusaercs na yuactku (a,x; ), (x7,x,), ..., (x,,b).

ITycte uckomas BenmumHa U pacnapaercs Ha vactu Ugy, U;, U,,..., B cymme

nmaromue U. Bennumnsl, oOragaroniye STUM CBOHMCTBOM, HA3BIBAIOTCS A0OUMUBHBIMIUL.
briBaloT M Hea IMTUBHBIC BEIMYMHBIL. TakK, yroia Mexay oOpa3yOIUMHU KOHHYECKOM

Puc.1.2

NOBEPXHOCTU — HeaJaAuTuUBHas BeanuuHa. Yron AOB MoxHO
TMOCTAaBUTh B COOTBETCTBHE C MPOMEKYTKoM (a,b), rme a= RA u
b= RE—HyFI/I HaIpaBJISAIONIEH, OTCUUTHIBAEMbIE OT KaKON-IH00
HauaneHO# Touku R. Ho eciu pas6uts (a,b) ma ywactku (a,c) u
(c,b), To cootBercTBytomme yriasl AOC u COB B cymme He AaroT

yria AOB.
AJTUTUBHYIO  BEJIIMYMHY MOXKHO  BBIPA3UTh  WHTErPAJIoM,
HEAJIMTUBHYIO — HEJIB3S1.

3) B kauectBe TMIIYHOTO TpencraBurens dacteir Uy, Uy, ... Oepercs oxHa U3 HUX

U;; oHa BbIpa)kaeTcs (MCX0/s U3 YCIOBUH BOIpOca) NpUOIMKEHHOU (popmyriol Buaa

Ui = (X1 - %), (1.1)

MMpHUYCM IIOTPCHIHOCTD JOJIXKHA UMCTh BBICILIMM IMOpsAAOK OTHOCUTCIIBHO Xi+l - Xi .

Bripaxenne f (X )(X,, - %) mmm coxpamenno f(X)AX HasbiBaeTCs >eMeHTOM

BeJIUYUHBI U .

DneMenToM Iuomaau aABb sBisercs momans

N L B
70 IPAMOYTOJIbHUKA X KQX; 1 IOTPELIHOCTh
A dopmynst (1) ects Tomans TpeyronmbHuka KQL,
3alITPUXOBAHHOTO HA YEPTEKE; OHA UMEET BBICIIUMA
NOPSAJIOK OTHOCHUTENBHO Xj,1 — X; = AX; (Tuiomaapb
0 a Xi Xj+1 b .

Puc.1.3
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KQL wmenbme muomaan KNLQ =KQ -KN = Ax;Ay;, a mocnegHsiss MMEET BbICIINN
HOPSIIOK OTHOCUTENBHO AX; ).

b
4) W3 npubmmkennoro papenctsa (1.1) Berexaer Tounoe papenctso U = [ f(x)dx.

a

1.1. Ilnomaas KPUBOJMHEHON TPanenuu

YA [Imomanes S, orpaHuYeHHas HENPEPHIBHBIMU
y =1 (X) kpuBbiMu Y = f,(x), y=f,(X), BepTUKamBEHBIME
x=a,x=b, rme f(x)<f,(x) mpm a<xsb,
BBIYHCIISIETCS 110 (hopmyoe:
b
§ =]J[f,(x)— f,(x)jdx. (1.2)
y=1 (X) :
0 :}x
Puc.1.4
Ilpumep. Boraucnuthb TUTOIIATh urypsr, OTpaHUYCHHYIO JTAHUSIMH:
I\ y= \/;! y= X2 .
1 Pewenue. HetpyaHo BUIETh, YTO TpaUKu MepeceKkaroTcs B
toukax (0;0) u (1;1).
L 2 x¥h 2 11
Mootomy S =[x —=x2Jdx=| =x2 = Z— | " =2 - = == (kg.e0
ys=] ( k (3 3 ]0 37330
0 1 X
Puc.1.5

Ilpumep. Haiitu momanas GuUrypsl, orpaHu4eHHON TrpadukamMu QyHKIUNA Y =X U
y=2-x°,

Pewenue. Ha pucynke 1.6. BUAHO, 4TO mpenenamMd HWHTETPUPOBAHUS SIBISIOTCS

% a0CIHCChl TOUEK mepeceueHus: TpauKoB AaHHBIX (YHKIIUN.
Haiinem wux. Jlnsg »TOoro HEOOXOAMMO pENIUTh CHUCTEMY
y=x 2 . y =X,
ypaBHEHUH X
y=2-X".

B pesynpraTte nmomydyaem X, =—2, X, =1. Toraa uckomas

5T 5 1‘ >, IUIoWah o bopmyie (1.2) paBHa
— i VAT _ _ X_3 _X_2 1 g
1o | y=2% $= Jz [(2 X ) X]dx = (ZX 3 21,2 (r6.€0.).
Puc.1.6



Ilpumep. Haiitu mnnomanb, 3aKTOUEHHYIO MeXmy mHapabomoi Y =X’ —2X+ 2,

KacaTenbHO# K Heil B Touke (3;5) 1 ockio Oy.

y Pewenue. YpaBHeHne KacaTeJabHON K KpUBOU
f(x)=x"-2x+2 B TOYKE (3;5) UMEeT BUJL
S y—5=1'(3)-(x-3).

Mockomeky f'(x)=2x-2 u f'(3)=2-3-2=4, nomyuaem

|
N ypaBHEHHE KacaTeJbHOU Y — 5 = 4(x — 3), wm y=4x-7.
| Taxk kak BeTBM mapabojibl HampapieHbl BBepx (puc.l.7), To
0 3 X mapa0boJia JISKUT HaJ| KacaTeJIbHOMU, T.e. X2 —2X+2>4Xx—7 wHa
OTpEe3Ke [O, 3]. Torma HaxoaUM HCKOMYIO TIJIOIIA/Ib:
3 3
7 S =][x* - 2x+2 - (4x—7)Jdx =] (x* —6x + 9 )dx =
0 0
Puc.1.7 3
ne :{%—3% +9X}3:9(K6.8d.).
0

b
PaccMoTpuMm mHTerpan | f(x)dx, Yy KOTOPOTO HWXHUW TPEAEN MEHbIIE BEPXHETO

a

(a<b).
Ecniu mpu  stom  ¢dymkmus  f(X) YA
MOJIOKHUTENbHA BHYTpH npoMeskyTka (a,b) To
MHTETpal  YUCIEHHO paBeH  IUIOMIAAH,

IIOKpbIBaeMOii OpIMHATaMU rpaduxka,
y=f(x) (aADEBb). Takyto Gurypy %
A

HAa3bIBAOT KPUBOAUHEUHOU mpaneyueti

(puc.1.8).
a 0 b >><
y N Puc.1.8
Ecmn pymxims f(X) orpunarensna Baytpu (a,b), o
a b MHTErpai 1o abCOIIOTHOMY 3HAYCHHIO YHCJICHHO PaBEH
0 >, wiowany, TOKpEIBaeMoit opmHaTamu rpaduka y = f(X),
HO UMEET OTPHIIATEIIbHOE 3HAYCHUE, T.C.
Puc.1.9

b
(1.3) S =] f(x)dx— nmmomans KpUBOTMHEHHOH TpamelHH, H300paKeHHOH Ha
a

pucynke 1.8.

b
(1.4) S =—[f(x)dx— mmomams KpEBOTHHEHHOH TpaTeIH, H306paKEHHOH Ha
a

pucynke 1.9.
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Ilpumep. Beraucnuth miomaab GUrypbl, OrpaHUUYEHHON JTUHUSMU Y =X,y =5 — X,

v x=1x=2.
Pewenue. @urypa, 1womaab KOTOPOW HAAO HAWUTH,
\J5 n3o0paxkeHa Ha pucynke 1.10. Ilo dopmyne (1.2) momyuum:
V=X 2 2
S = [((5 - x)— x)dx =[(5 — 2x)dx = (5x — XZ* =(5.2-2%)-
1 1 1
| J=5-x (5-1-1%)=6 — 4 =2(ke.co.).
| —5.
[
01 2 5Ny
Puc.1.10

Ipumep. Buluncauth m0maas GUrypsl, OrpaHuueHHoN UMy Y =4 — x*,y =0.

Pewenue. ®urypa, mwiomaas KOTOPOH HAJA0 HaWTH, M300paxeHa Ha pucynke 11.
y Bocnosnbp3oBaBmnch dbopmyoit (2), MOJIYYUM

S= f(4—x2)dx:(4x—)§j_2 :£4-2—§j—

.

3
4-( 2)—( 2) :8—§+8 §:g(1<6€0)
3 3
-2 0 2 ¥
Puc.1.11

x2 2

Ilpumep. Haiitu momaas GUrypel, OrpaHUuE€HHOMN 3JTUIICOM 5t = 1.
a“ b

Pewenue. Tax kak naHHast purypa pasaensercss KOOpJAUHATHBIMU OCSMHU Ha YEThIpe
paBHBIE YACT, TO, HAW/ YETBEPTh MCKOMOM IUIOIIAIA U YMHOKHUB PE3yJIbTaT Ha YEThIPE,
OINPEIENINM, 0YEBUIHO, BCIO UICKOMYIO TUIOLIAb.

N3 ypaBHeHMs »diUMIIca MOJy4YaeM YpaBHEHHE JIMHUM, OTrPAHUYMBAIOLICH

. b |
paccMaTpuBaeMyl0 HaMU KPHUBOJIMHEWHYIO Tpameuuio: Y = f(x)z— a® — x? (mepen
a

KOpHEM OepeM 3HaK +, MOTOMY YTO paccMaTpuBaeM AYTry SJUIMIICA, PACHOJOKEHHYIO

HaJ ocklo abcmucc (puc.1.12)).
Torma, o0Oo3Hayass BEIWYWHY HMCKOMOW TUIOIIAIN

yepes S, OyJeM UMETh:

a a
S :4j§\/a2 —xzdx=4£j\/a2 — x%dx.
0 0

Jns  BbIYMCJICHUS  TIOJYYEHHOTO  HMHTErpasa
clegaeM MOICTAHOBKY X =asint. Otcrona

dx = a cost dt.

v

7
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W3 cooTHomIeHnss X =asint HaxoauM Ipeaesbl HHTErpajga, KOTOPbIH MOJyYHUTCS B
pesynbTaTe mojactaHoBkH. Ilomaras X =0, momywaem: asint=0, sint=0, oTkynma

) . b4
t=0; mpu X=a umeem: a=asint, sint=1ut= E CnenmoBaTeabHO,

4h /2 7r/2
4ba\/ — X dx— \/a —a’sin tacostdt—%’a | cos?tdt=

0
7[/2 /2 /2 r
=4ab | Mdt:Zab [ dt+ | cos2tdt :Zab(t+lsin2t) /2:
0 2 0 0 2 0

_2ab| Z + Lsinz - Lsino = mab(ks.e0.)
2 2 2

bosnee cnokHble 3a1a4M HA BBIYMCIIEHUE IUIOMIAAEH PELIAOT, HUCIOJIb3Ysl CBOMCTBO
aJIUTUBHOCTY TUIOLIAAN: MOKHO pa30UTh (PUTYPY Ha HEMEPECEKAIOIINECS YaCTU U
BBIYHCIIUTD IJIOMIAh BCeW (PUTYphI KaKk CyMMY IUTOMIAEH 3TUX YacTei.

Ilpumep. Haittu mmomans S ¢Urypsl, OrpaHUYEHHOW JTUHUAMH Y =X,Y = 1/ X%,
y=0,x=3.

Pewenue. Jlannyro purypy MOXKHO pacCMaTpUBATh KaK KPUBOJMHEHHYIO TPAMEIHIO,
n OTPaHUYECHHYIO OCbl0 abclucc, MNpSIMbIMU

, x=0,Xx=3 u rpadpuxom QpyHKINHU, KOTOpas Ha

I OTpE3Ke [0,1] paBHa X, a Ha OTpE3Ke [1, 3]

‘\

\

|
|
|
|
| yox - pasHa 1/x?.
| - o
v /// 3anucaTh MEPBOOOPA3HYIO TaKOW (PYHKITMH
\\ : pid Henerko.  Ilostomy — pa3oObeM — JaHHYIO
\\| /// KPUBOJIMHENHYIO Tpanenuo npsiMmol x=1 Ha
s, ¥ s, nBe yacTy. Ilnomanm 5Tux yacren Jerko HauTH
y:1/X2 1 X2 1 1
ZN no ¢opmyne: S, =deX=7 :E(Ke.ed.);
0 1 2 3 X ° °
Puc.1.13 81 1 2
f—z =—=| =Z(x6.e0.).
1X X[t 3

CoryiacHO CBOMCTBY aJIATHBHOCTH Iuiomamm, S =S, + S, =7/6 (K6 .ea.).

Ilpumep. Bpruaucnuth miomanb (GUrypbl, OTPAaHUYECHHOW JMHUAMHU Y = Jx wm
=[x -2|.

Pewenue. Gurypa, miomnaab KOTOpoll TpeOyeTcss HATH, M300pakeHa Ha PUCYHKE
y 1.14. TIpoBeaem npsimyro X = 2. Torama muomaae
S wuHTepecyromeli Hac QUrypbl paBHa CyMMe

y=2-X
S;+S,, rme S, - mwiomaas  Gurypsl,

i
N

\/» 3al0TPUXOBAHHOM HA PUCYHKE BEPTUKAIBHOMU
y=+X HTPUXOBKOM, a S, — miomanb Qurypsl,
3aIUTPUXOBAHHOW HA PHUCYHKE TOPU3OHTAIBHOU

8
Puc.1.14



2 2( 1
IITPUXOBKOM. HNmeem S, = j(\/; —(2- X))dx =j(X2 +X— ZJdX =
1 1

3
5 2
RGN Y ZJ— ——2 2 2J1_3 ——2 =42, 2,8
32 2 1 3 3 2
42-2 1 8J2-7 .
= ——= (k6.0.);
3 2
3
4 2 1 2 2
=j(\/§—(x—2))dx:j X2 - X+2 [dx= XX ok g\/F—A' —
2 1 3/2 2 2 3 2
(2\/? j E—i—Zzg(K&ed.)
3HaunTt, S =S, + 8\/; [ 34\/5 163(Keec))

WNHorna npu BhIYMCIIEHUU TuloNIaaei (uryp ObIBaeT MOJIE3HO €II€ OJHO CBOMCTBO
IUIOIIAAN, KOTOPOE Ha3bIBA€TCd HWHBAPUAHTHOCTBIO OTHOCUTENBHO MEPEMEIICHUI:
OJINHAKOBBIE (PUTYPHI UMEIOT OAMHAKOBBIE IIOIIA/IH.

Ilpumep. Haiitu miomans S Qurypsl, orpaHUYEHHON TUHUSAMU Y = JX,y=2,x=0.

y Pewienue. Jlannas  Qurypa  cTaHeT
KPHUBOJIMHEMHON Tpamneuuen, €ciii OTPa3’Th
y=\/; €€ OTHOCUTEIbHO TmpsMor Y =X. ['padux

2% dyHKIME Y =~/X OTOGpAsHTCA NpH HTOM B
rpaduk o6paTHON (yHKIMH Y =X®, mpsMas
y=2— B mnpsamyro X=2. Tak Kak

\

|

\

\

L
0 Puc.1.15 4 X cHMMeTpHYHbIE (DUTYPHI OJMHAKOBBI, TO OHH
' UMEIOT paBHbIC IUIOLIAAM, II03TOMY HMEEM

2 3 2 8
s=fxedx="1 =8

0 3o 3

3ameuanue. [Ipyroe penieHue 3TOW 3aa4nd MOYKHO IOJIyYUTh, 3aMETHUB, YTO JaHHAs
durypa AOMONHSAETCS KPUBOJIMHEHHOW Tpamneuued (CHU3Y) [0 NpsIMOYTOJbHUKA,

mIoaae KoToporo pasHa 8. [loatomy:
4 3
S=8—[/xdx= g_2y:|'-g_16_8 (ke.c0.).
0 37 o 3 3

Takoe pemieHue — e€me OAWH MPUMEP MCIIOJIB30BAHUSI CBOMCTBA aJJAUTUBHOCTH
IJIOIIAAM: JaHHAsE (QuUrypa MNpeACTaBIseTCS KaK «Pa3HOCTb» JBYX OoJee MpPOCTBIX

dburyp.

K6 .ea.).

4 16 8




Iycts Temeps f(X) OOMH MM HECKONBKO pa3 MEHsET 3HAK B IPOMexyTke (a,b).

Torma wHTETpasm paBeH Pa3HOCTH JBYX YHCEN, OJHO U3 KOTOPHIX (YMEHBIIAEMOE)
BBIPQKAET IUIONIA[h, TMOKPBHITYIO TMOJOKUTEIbHBIMU OpAWMHATaAMHU, a Jpyroe
(BpIUMTAEMOE) — IO/, TOKPHITYIO OTPUIIATEILHBIMU OpAUHATAMMU.

Tax, ayisg cnydas, U300pakKeHHOTO Ha PUCYHKE,

v N

S1
Z /S/:% sﬁ
a 0 So W b X

Puc.1.16

S=]f(x)dx=(S;+S3+S5)—(S,+S,). (1.5)

QD — T

1
Ipumep. Wurerpan [2xdx= 1% - (— 2)2 =-3. DTO 4YHCIO pPaBHO Pa3HOCTU
-2

rwomaaeit ObB = %Ob -bB =1.

>, OaA:%aO-Aa:4.

Puc.1.17
[Ipy BBUMCHEHHMM IUIOIIAAA KPUBOJMHEMHOM Tpaleuud B

cllyyae, KOTJa BEpXHSS TpaHUIAa 3aJaHa [apaMETPUYCCKUMH  YPaBHCHUSIMHU
x=p(t),y=w(t),a <t< S, B popmyne (2) HeOGXOIMUMO CENATH 3aMEHy TIEPEMEHHON,
nonoxus X = @(t), dx =¢'(t)dt. Torna momydmm

S =[y(th'(t)dt, (1.6)

a

rae ¢ u [ — 3HaueHWs mapamerpa t, COOTBETCTBYIOIIME 3HAUCHHSIM X =au X =D,

T.e. a=g(a), b=o(B).
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Ilpumep. Havitu 1omans QUIypsl, OrpaHUYCHHOM OIHOM apKOW ITUKIIOUIBI
x=a(t —sint), y=a(l-cost),0<t<2z, nocsio OX.

v\

|
i
|
t] 1 |
|
|
|

=
0 TTa 2ma Ty

Puc.1.18
2r
Pewenue. Tlo popmyne (5) umeem S = [a(1—cost)a(l - cost)dt=a’ x
0

2

0

27 2z
x [(1—cost)dt=a® | (1—Zcost +#jdt = aZBt — 2sint +%sin2t}
0 0

= 37a*(ks.e0.).
1.2. Ilnomagb KPUBOJIUHEHHOIO CEKTOPA

Ilycts kpuBas AB 3ajaHa B HOJNAPHBIX KOOPIMHATAX ypaBHEHHEM p = p(p),
a < @< [, npuueM QyHKIHSL p(gp) HEINpEephIBHA U HEOTPHULIATENIbHAS HA OTPE3KE [a ] ]

[Inockass kpuBas, OrpaHWYEHHAss KpUBOM AB u
JIBYMsI MOJIIPHBIMHA PaglyCaMH, COCTABIIIOIIUMHU C
NOJIAPHOM OChIO yIiibl @ W [, Ha3bIBaeTcs

KPUBOIUHEUHBIM CEKMOPOM. IInomans
KPUBOJIMHEHHOTO CEKTOpa MOXET OBbITh BBIYUCIICHA
o dhopmyie:
0 s=17 (o) 1.7
Puc.1.19 20{/) (P)do. .7

Ilpumep. Beraucnuth miomaas GUrypsl, OrpaHUYCHHON TOJSPHONM OCHIO M MTEPBHIM
BUTKOM CIUpainu Apxumena p =a@, rjie a—IMnoJ0KUTEIbHOE YUCIIO.
Pewenue. Tlpu usmenenun @ ot 0 10 27 MONAPHBIA paguyc OMUIIET KPUBYIO,
OI'PaHUYMUBAIOIYIO KPHUBOJIMHEUHBIN CEKTOp
OABC. Tlostomy mno d¢opmyne (6) umeeM:
a’x a® 8z 4 , ,
Somsc = 5 £¢ do= >3 ~3” a’(re.co.).

Amo C 3aMmeTuM, 4To Touka C OTCTOMT OT MOJIIOCa Ha
E paccrosnuu p =27za. Ilostomy kpyr panguyca OC
B 11
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HMEET IUIOIIAIb 7z~OC2=47z3a2=3-§7z3a2= =3Sopsc, T.€. IUIOHIAAb (DUTYPBHI,

OTPaHUYECHHOU

TOJIAPHOM OCBIO W MEPBBIM BUTKOM CIiMpaid Apxumesna, paBHa 1/3 ruromaam kpyra ¢

paauycoM, paBHbIM HaumOOJbIIEMY M3 MOJSPHBIX paauycoB BHUTKA. K 3TOMy BBIBOIY
npuien ene Apxumes.

1.3. lnuHa xyru KpuBoii

JlnuHa L myru AB miocKo# JIMHUHM BbIpaxxaeTcs (B MPSMOYTOJbHBIX KOOPIWHATAX)
dbopmyoii:

L= IJ[x F +[y' () dt (1.8)

rae t— Kakoi-nmm6o HapaMeTp, Yyepe3 KOTOPBIH BBHIPAKEHBI TEKYIIHE KOOPAUHATHI
X,y (t, >t,).

Ecnu mapametp emie He BoIOpaH, To popmyity (7) ynoOHee 3amucaTth Tak:
(B)
= [ Jdx* +dy?. (1.9)
A
O6o3Hauenns (A),(B) ykasslBaioT, uTo B KayeCTBE INPEIEIOB HMHTETPUPOBAHHS

JOJDKHBI OBITh B3SThl TaKME 3HAYEHUSI MapameTpa, KOTOPbIE COOTBETCTBYIOT KOHIAM
nyru AB. B wacTHOCTH, 32 mapaMeTp 4acTo y100HO NpUHATH abcuuccy X. Toraa:

X2
= [ 41+ y"dx. (1.10)

Xy
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Ipumep. Haiitu 1iiiHYy Nyrv OAHOW BETBU LIMKJIOUIBI X = a(t —Si nt), y= a(l — COSt).

2 2
Pewenue. \/(%j + (%) = a/(1-cost)’ +sin’t =a,/2(1— cost) = 2a

dt

.t
SIn—

" = _4a(cos — cos0)=—4a- (- 2)=8a.

0

27 . t 27 . t t t
L= [ 2asin—dt=2a-2]| sm—d(—j =—-4acos—
0 2 o 2 (2

T.e. nnauHAa ONHOM BETBM LMKJIOWUIBI paBHA YYETBEPEHHOMY JTUAMETPY
MIPOU3BOJISIIETO Kpyra.

Ipumep. BerayciuTh UIMHY IYTH NOTyKyGHueckoil mapabomsl Y = x¥? ot x=0 10
X =0.

12

3
Pewenue. VI3 ypasuenus Y=Xx¥’ naxomum y’:EX CrnenoBarenbHO, IO

3/25_§
o 27

X T s [o9x, 8(  9x
dopmyne (9) nonmyunm: L= [ \/1+y“dx=[,/1+ —dx=—| 1+ —

X 0 4 27 4
1

[Ipu BelUMCIIEHUU JJIMHBI AYTH B Ciiydae, Korjna KpuBas AB 3amaHa B MONSPHBIX
KOOpDAMHATAaX YPAaBHEHHEM p = p(gp),a <@p< B, rtne p((o) UMEET HENPEPBIBHYIO

IIPOU3BOIHYIO p’((p) Ha OTpE3Ke [a, ,B] u ToukaM A u B COOTBETCTBYIOT 3HAUECHUS
u [, mnepexoAs OT TMOJAPHBIX KOOPAMHAT K MPSIMOYTOJIBHBIM, IOJIy4YUM
napaMeTpudeckoe 3amaHue KpuBod AB  ypaBHeHusMH X = pCOS@, Y= pSing ¢
napametrpoM ¢@. Toraa (bopMyna (7) npumeT BU:

L=] 1p(0)+ (o). (1.11)

rie @ u [ —3HaueHus mapamerpa @.

Ilpumep. Boluuciauth JUIMHY NEPBOTO BUTKA apXUMEAOBOW cnupain p =a¢@ (puc.
19).

Pewenue. llepBblii BUTOK apXUMEIOBOM crHpainu oOpasyercs MpU H3MEHEHUH
noJisipHoro yria ¢ ot 0 nmo 2z. Torama mo gopmyse (10), uckomas JyiMHA TyTHU paBHA:

%
2z 2z +1 dU_ d
L:j\/az(p+a2d(p:ajw/(p2+ld(p: v’ (p ? -
0 0

dv :d(p,
ol 3

2 7Z'
— do | = 2
Imwlalw¢+ { } a oo’ +1
_27: b B E 2 E 2 27r: 2
f\/(ﬁ + d¢+fm}—a{2(p 7 +1+2|n‘(p+\/(p +1H‘0 a[m/47z +1+
+%(27z+\/4ﬂ2 +1)}.

]

27r

0
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1.4 ILliomaab MOBEPXHOCTH BpalleHUS

Ilycte xpuBas AB 3amana ypaBHeHumem Y = f(X), a<x<b, u mycrp ¢dyHKIHS
y= f(x) HEOTPHULATEIbHA U HENPEPbIBHA BMECTE CO CBOEH NEPBOM NMPOU3BOJHON Ha
OTpe3Ke [a, b]. Torna moBepXHOCTh, 0Opa3oBaHHas BpallleHneM KpuBoii AB Bokpyr ocu
OX, uMeeT omaas S, KOTopas MOKET ObITh BBIUUCIIEHA TIO hopMmyIie:

S = 27] £ (xXW1+ 2 (x)dx. (1.12)

Ecnu moBepXHOCTh moJIydaeTcsl BpamieHueM KpuBodl AB, 3agaHHON ypaBHEHHEM
X= gp(y), c<y<d, Bokpyr ocu Oy, TO ee MOBEPXHOCTH.

s =27] p(yW1+ @ (y)dy. (1.13)

Ecnu moBepxHOCTh mofydaeTcs BpamieHrueM BoKpyr ocu OX kpuBoit AB, 3amanHoi
IapaMeTpuYeCKUMH YPaBHEHUSAMU X = (o(t), y= y/(t), a <t < f, npuuem :,u(t)z 0, go(t)
U3MEHseTCsA OT @ 1o b mpu m3meHeHnu t OT @ 10 [, TO MONTYYHM:

S-— 27[iw(t)\/¢)'2(t)+ v (). (1.14)

Ecnn kpuBas 3aaHa ypaBHEHHEM B TOTAPHBIX KoopauHaTax p = p(p), a <o < p,
rae p(p) uMeer HempephIBHYIO NMPOM3BOIHYIO Ha [a,ﬂ], TO (popMylsia BBIYHCIICHUS
TJIOIIA/IM TIOBEPXHOCTH BPAILICHUS TPUMET BUI:

B
S =2r]psing,p’ + p'*do. (1.15)

Ilpumep. Haiitu miomaas MOBEPXHOCTH, OOpa30BAHHOW BpaIIEHUEM ITUKIJIOWIbI
x =a(t —sint), y=a(l-cost), 0 <t <27z, Bokpyr ocu OX.

Pewenue. 1o hopmyne (14) umeem:

S= 27z2f a(1— cost)y(asint)? + [a(1 - cost)[ dt :Zﬁmzzf(l —cost)*?dt = %mz(xe.ea.).
0 0

1.5 Oobem Tea

PaccmoTtpuMm Teno mpousBosibHON (opMmbr (prc.1.21). JlomycTHM, YTO H3BECTHBI
YA IUIOIAAN  CEYEHUH  3TOro  Tena  IUIOCKOCTSIMH,
nepneHauKkysapubiMu - ocu  OX. C  wu3MeHeHHeM X
IUIOLAAb CEYEeHMsS] Takke OyIeT U3MEHSThCS, T.€.
SBJISITBCSL HEKOTOpoW (yHkmuert X. OO003HAUMB ITY
GyHKIMIO yepe3 S(X) U CUMTas €€ HENpepbIBHON

dbyHKIIHEH Ha OTpe3Ke [a, b]. Torma o0peM Tena:

Vv =TS(x)dx. (1.16)

=
=l
e
T e e [ e e
[=n

Puc.1.21 14



Ilpumep. Brraucanth 00beM MHpaMUbl, BBICOTa KOTOpoi paBHa H, a muromans
ocHoBaHusA Q.

Pewenue. Bpenem cucremy koopauHaT XOY Tak, 4TOOBl Hayalo KOOPIWHAT
HAXOMJIOCh B BEPIIUHE ITHPAMHUIBI,
a ock OX mpoxomwmia mo BeicoTe H

OT BEpPIIMHBI K  OCHOBaHHIO
(puc.1.22). Ilepeceyem mnupaMugy

H IJIOCKOCTBHIO, IapajuIeIbHOM
OCHOBAHHUIO. Paccrossaue oT
BEPIIMHBI MUPAMUIbl O CEKYIIEH
IJIOCKOCTH ~ O0O3HAaYUM  yepe3
X, 0<x<H, amwomans ceueHus —
uepes S(x).
X CocrtaBum MIPOTIOPIINIO
Puc.1.22 S(x) NG
——%=——, OTKyJa HaxoauM
Q H
S(x)= % X
[ToacTasisist mocneaHee paBeHCTBO B hopmyity (15), umeem:
H H H 3 3
V = [S(x)dx = j% x2dx :% [ x*dx :% A QHZ = lQH (k6 €0.).
0 oH H o H° 3o 3H 3

B uyactHOM ciydyae, o0beM Tena, 0Opa30BaHHOIO BpalleHUEM BOKpPYr ocu Ox
v A KPUBOJIMHEHHOM Tparnenuu, OTpaHMYEHHOU
HempephiBHOH KkpuBoit Y= f(X)>0 wu upaMbivMu
X=a,X=Dhb (a<b), y =0, paBeH:

b
V =z[ f2(x)x. (1.17)
a
0 a b >><
Puc.1.23
A
O0bem Tena, 00pa30BaHHOTO BPAIICHUEM BOKPYT OCH
T Oy KPUBOJMHENHON  Tpaleuud,  OrpaHU4YECHHOMU
HENPEPBIBHOM  KPUBOM X = g(y) >0 wu npAMbIMU
y=a,y=b (a<b), x=0, pasen:
a
0 >

15
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b
vV =z[g*(yHy. (1.18)

Ilpumep. Onpenenutb o0bEeMbI TeJl, 00Opa30BaHHBIX BpallleHUEM BOKpYr ocu Ox
YA buryp, orpaHUYEHHBIX JTUHUSIMHU: y2 =9Xx, y=3X.
3

1 2 3
Pewenue. V :ﬂj(9x —9x2)jx: 97{% _X?jl
0

= g72‘(1<y5 €0.)

0

Puc.1.25

Ilpumep. Beruucauts 00beM mapa paauyca R.
Pewenue. 1llap panmuyca R nosydaercss BpalleHHUEM  IOJIYOKPY>KHOCTH

Y y=+vR? —x* Bokpyr ocu OX (puc.1.26), mosromy
y=+vR?* —x? ero oobem V MOXHO Haitu 1o ¢opmyie (16).

Hcrnonb3yst CHMMETPHIO JaHHOTO IIapa OTHOCUTEIIBHO
ocu Oy, HaxXOUM:

V= ﬂ_T(f (x))*dx= 2%?(«/ R? - x° )2dx:

=27 RZX—X—3 "
3

= % R (ky6 .e0.).

0

Puc.1.26

Ilpumep. Haiitn o0bem cermMeHnTa mapadosonaa Bpamenus (puc.l.27) mo paguycy
ocuoBanust AB =r u Beicore OA=h.

Peuwenue. Haxonum, uto mapadosa npecTaBisieTcs
2

ypaBHEHHEM Y° = r_hX [To popmyne (16) Haxoanm:

16




hr?x 1
\ :ﬂdeX:Eﬂrzh(Ky&ea.), T.€. CEIMEHT IapaboJIonJa COCTABISAET IO 00BEMY
0

MOJIOBUHY IIMUIMHJIPA C TEM K€ OCHOBAHUEM U TOU K€ BHICOTOM.
Ilpumep. Halitu o00beM TeEna, OrPAHUYEHHOTO MOBEPXHOCTHIO, OOpazyeMou

-a

2 2
BpallleHUEM DJITUIICA X—2 - Z—Z =1 Bokpyr ocu OX (puc. 1.28).
a
h2
y Pewienue. Taxk xax y2 = —2(a2 — XZ), TO IIO
a
dopmyite (1.17) noayyaem:
2 4 2 3\4 g
V=7Z'b—2+I (az—bz)dx:ﬂb—2 a?x— 2 |77 =
a“ -a a 3 J—a
0 a’~x 4
= gﬂabz (ry6.e0.).

Puc.1.28

2. MPUJIOKEHUME OIIPEJAEJIEHHOI'O HHTEI'PAJIA K PEHIEHUIO 3AJTIAY
PU3NKN U MEXAHUKHU

2.1 Cxema npuMeHeHHS OINPEIeICHHOI0 HHTErPajia K BbIYMCICHHUIO

PA3JIMYHBIX BCJINIUH

[TonsiTe oOIpeAeNIeHHOTO WHTErpajga BCIEACTBUE €ro aOCTPaKTHOCTH IIMPOKO
MPUMEHSIETCS TSl BBIYUCIICHUS PA3IMUHBIX TEOMETPUUECKUX U (PU3UUECKUX BEIIUYHUH.

JInst BBIYMCIIEHUSI HEKOTOPOM BEJIWYWHBI TPU TMOMOIIM OMpPEACICHHOTO HMHTErpaja
MOJKHO PYKOBOJICTBOBAThCS Clieayroleii oomei cxemoi (1):

1. Pa30urte U Ha OOJBIIOE YUCIO N MAaJBIX CJIAracMbIX DJIEMEHTOB Aui :

n
u :Au1+Au2 +...+Aun :ElAui.

2. Haiitu npubnmkeHHOE 3HaUYCHHUE KaXKJ0TO AJIEMEHTa Aui B BUJI€ IPOU3BEIICHUSA

Aui ~ f (Xi) . Axi U 3aTeM NMPUOIMKEHHOE 3HaueHre U B BUJI€ HHTErPAIbHON CyMMBbI

17



U= g ”ﬁ)Aﬁ’ (2.1)
i=1

rac X — OJYH U3 mapaMeTpoB BCINYHUHBIL U, KOTOpBIﬁ 110 YCJIOBHIO 3a/1a41 U3MCHACTCS

B M3BECTHOM HHTepBajge a<x<Db; f(X) — mamHas wam ompezenseMas W3 YCIOBHUS

3agaun QyHKIUS OT X; XO =a, Xl X2, e Xn =b — Touku uHTepBana [a;b], koTopsie

npu pa3dbMeHuu U Ha N 3JEMEHTOB Pa30MBAIOT TOT MHTEpPBAlI Ha N paBHBIX YacTel

_b-a
—

AX

3I[CCB IIpxu BBIYHCJICHUU HpH6JII/I)KeHHOFO 3HAa4YCHHUA MaAJIOro OJSJICMCHTA AUI

UCIIOJIB3YIOTCSL  pa3fiuyHble JomyuieHus. Hampumep, 34ech AONYCTUMO —Malble
KPUBOJIMHEITHBIE OTPE3KU 3aMEHSTh CTATHUBAIONIMMU UX XOpJaMH; MEPEMEHHYIO CUITY
(MM CKOPOCTh) HAa MaJIbIX YYacTKax MyTH 37€Ch MOXKHO 3aMEHSTh MOCTOSHHOW CHJION
(W11 CKOpPOCTBIO), AOIMYCKAasl, YTO OHA HEM3MEHHO COXPAHSAET Ha BCEM MaJiOM y4YacTKe
MyTU Ty BEJIIMYMHY U TO HAPABJIEHUE, KOTOPHIE OHA UMEJIA B HAYAIbHOW MJIM KOHEYHOU
TOYKE HTOr0 MaJIOr0 y4acTKa; MEPEMEHHYI0 TeMIEepaTypy HENPEPBIBHO HArpeBaeMOro
WIM OXJIAXJIAeMOro Tella B TEYEHUE MAaJIbIX MPOMEXKYTKOB BPEMEHH 37€Ch MOYKHO
CUMTATh MMOCTOSTHHOM, JOMYCKas, YTO B TEUEHHUE KAXJOTO MAJIOTO MPOMEKYTKA BPEMEHU
OHAa HEU3MEHHO COXPAaHSIET TO 3HAYEHUE, KOTOPOE MMeJNla B Hayajie WM B KOHLE TOTO
MIPOMEXKYTKA.

3. Ecim w3 ycnmoBus 3amaud  ciemyeT, 4YTO TpU N —> +00  MOTPEIIHOCTh

npuOJIMKEHHOTO paBeHcTBa (1) cTpeMuTcs K HyJO, TO UCKOMas BeluyuHa U Oyner

b

YHCIICHHO paBHA ompesiesiecHHoMy nHTerpany U = [ f(X)dx.
a

MHorre BeJIMYHHBI MOXKHO BBIPa3UTh ITOCPEACTBOM OINPEAEICHHOTO HHTErpaa,
noJb3ysch Apyrou cxemoit (11):
1. Tlomaraem, 4TO HEKOTOpas YacTh HMCKOMOW BenuumHbl U ecTh HEM3BECTHAsS

¢ynknus U(X), rae X — OJUH W3 mapamMeTpoB BeauuuHbl U , KOTOpBINA U3MEHSETCS B

W3BECTHOM M3 YCJIOBHS 3a/1a4u HHTEepBaie a < X <D.

18



2. Haiinem nuddepenmman du ¢yuakmum U(X), T.e. TPHOIMKEHHYIO BEIHYHHY

(rJ1aBHYIO 4acTh) ee MpHpalieHuss AU NPU U3MEHEHMH X Ha Mallyio BeauuuHy dX B

Bujie npomsBencHus du = f(x)dx, rone f(X) maHHas wiu ompenenseMas U3 YCIOBHS

3a1au PyHKIUS OT X.
[Ipu 3TOM 371€CH TaKXKE MCIOIB3YIOTCSl pa3IMYHbIC JOMYIIEHUS, KOTOPhIC, B OOIIEM,
CBOIATCS K TOMY, YTO IPH H3MEHCHHH apryMeHTa X Ha Mallyl0 BeIu4HMHy OX

n3MeHeHne QyHKIHMA U(X) cuuTaeTcst MporopuruoHaIbHBIM X .

3. VYoemuBmmmch, uro muddepenimman du Haiimen BepHo, 4to mpu dX —> 0
OeckoHeuHo Maible AU u du OymyT SKBHBAJICHTHBI, HalJeM HCKOMYIO BenuunHy U ,
uHTerpupys du B mpenmenax oT X=a g0 X=0:

b
U= f(x)dx.
a

2.2. [Ipumeps! pemenust pusudecknx 3aaad ¢ nomomnbio cxem (1) u (11)

Ilpumep. CxopocTth Tena naercst GopmyIion V = J1+t w/c. Haittu MyThb, IPOUACHHBIN
TesioM 3a niepsbie 10 ¢ mocne Havyana ABHKEHUSI.

Pewenue. 13 xypca GU3NKM U3BECTHO, YTO MYTh, IPONJACHHBIN TEJIOM, 3aBUCUT OT
CKOPOCTH TeJia ¥ paBeH S=V-t. B 1aHHOM ciiydae, CKOpOCTh sIBsieTCsl PyHKIuen oT t
U HEIMpEPHIBHO MEHSAETCS C TeueHHeM BpemeHu. IlyThb, mpoiifeHHbId Tenom, Oyner

TakKe SABIAThCS (PyHKImend ot 1, o0o3HaumMm naHHyro QyHknwio kak S(t). Torma

sJIeMEHTapHOe TepeMelnenne Tena (S 3a Maiblii NpoMeKyToK BpemeHu dt, MOXKHO

BBIPa3HTh B BHJie cooTHoIIeHus ds=V(t)dt. Toraa myTs, npoiiaeHHbii 3a nepssie 10 c,

MOXET OBITh HAlIEH C TOMOIIBIO OMPEACICHHOTO HHTETpaa;

10 10
s= [ ITtdt=2 /L +t) ‘ \/1+10)3 2\/1+0 -
0

:§J13,_3—§ ~ 24,322 .

Otset: S~ 24,322 m.
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Ilpumep. OnpenenuTs AaBJICHHE BOJBl HA BEPTUKAIBHBIA MPSMOYTOJIBHBIN IIUTIO3 C
ocHoBaHUEM 18 m, 1 BBICOTOM 6 M.

Pewienue. BenuuvHa P 1aBJEHUS KUAKOCTH HA TOPU3OHTAIBHYIO TUIOIIAKY 3aBUCUT

oT FJ'IY6I/IHBI €C IOIrpyxEeHusa X, T. €. OT pacCTOAHMA INIOMAAKH 0 IOBCPXHOCTHU

KUJKOCTH: P=08X; 0 — yAeIbHBIN BeC KUJIKOCTH, & — IJIOIIAAb IUIOMIAIKH.

PykoBoactBysice o6mieit cxemoit (1) mpumenenus

X OIIPCACIICHHOIO MHTCI'paJia K BBIYMCICHNIO BCIINYNH,

dx  pa3genuM LUIK03 HAa [IyOMHE X TOPU30HTAIbHOU

npsimoit  (puc. 2.1). Torma paBieHue BoAbI Ha

Puc. 2.1 BEPXHIOIO YaCTh 1IUTI03a OyJIeT HEKOTOPOH (hyHKIIHEH

p(x). Haiinem muddepernman dp stoit GyHKIUH, T. €. NPUOIMIKCHHYIO (TJIaBHYIO
YacTh) €€ MpUpAIICHUsS AP MPH U3MEHEHHH INTyOMHBI X Ha MaJlyl0 BeJUYnuHY OX.

Jlomyctum, BBUIY ManocTi dX, 4TO BCe TOYKH 3aIITPUXOBAHHOM MOJIOCKHA HAXOSATCS
Ha TiyOMHE X, T. €. YTO OHA paclojokeHa Ha TIIyOMHEe X B TOPU30HTAIBHOM
IIOCKOCTH. Torga mpuOavKeHHasi BETWYMHA JABICHUS BOABI Ha 3Ty IMOJOCKY OyaeT
paBHa BeCy CTOJI0a BOJIbI, IMEIOIIETO OCHOBAHUEM 3TY IMOJIOCKY, U BHICOTON — IIyOUHY
X: Ap = dp =185xdx =18xdx. (VY nenabHbIN Bec BOabI O =1.)

CornacHo ycioBUIO 3a1aud TiayOuHa X u3Mmensiercsa Ha orpe3ke 0<x<6. [loatomy

UCKOMOE JaBiicHne P Ha Bech 1LI103 HaiijeMm, naTerpupys dp B npenenax ot 0 1o 6:

6 6
P —18( xdx = 9x2| =324T ~324000-9,81i ~3,181 i.
0 0

Ilpumep. Tlpu ycrioBusiX NMpeAblAyLIEeH 3a1aud HAWTH, HA KaKoW rIyOMHE X=C HaJo
pa3fenuTh LUTI03 TOPU3OHTAIBHOW MPSMOM, YTOOBI JaBlIEHHWE BOJbl Ha BEPXHIOIO U
HIDKHIOIO YacTH IITI03a ObLIO OAMHAKOBO.

Pewenue. OnipeneniuM JTaBiiCHHE BOJBI HA KaXKIYHO 4acTh IUII03a, UHTErpupys dp B

npeaenax ot 0 10 C u B npejaenax ot C 10 6, 3aTeM NMpUpaBHUBAEM UHTETPAJIbI:

Cc 6 c 6
18 xdx =18 xdx; xz‘ =x2‘ . c2=36-c2.
0 C 0
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Pemrast monyueHHOE ypaBHEHHe, HaiineM C =32 ~ 4,23 .

Ilpumep. Haiitu naBieHue BOJBI Ha MOBEPXHOCTH ILIapa JUaMETpPoOM 4 M, €ClIh €ro

HCHTP HAXOAUTCS Ha FJ'IY6I/IH6 3 moT IMOBCPXHOCTH BOJHLI.

h

Puc. 2.2 X

Pewenue. llpoBenmem  uyepe3  LEHTp  Iiapa
BEPTUKAJIbHYIO TUIOCKOCTb M BbIOEpEM Ha HeW

NpsIMOYTOJIbHYI0 cucTteMy KoopauHat XOy, Kak

MOKa3aHo Ha puc. 2.2.
Pacceuem map Ha riyOmHe h TOpHM30HTAIBHON
IJIOCKOCThIO. Torna maBieHue BOJbI HA OTCEYEHHYIO

4acTh MOBEPXHOCTH Iapa OyJaeT HEKOTOPOu

dynxumeir P(h).
[Tpu m3meHennn h Ha Benmmuumny Oh mromane S
OTCCYEHHON YacTH MOBEPXHOCTH Iapa, KaK IUIOIIAIb

IMMOBCPXHOCTH BpPAIICHUA BOKPYI' OCHU Ox , IBMCHHUTCA

Ha BennunHy AS ~ 2zydl =ds, rae — dl nuddepenunan qyru OKpyKHOCTH, a JaBJICHHE

p(h) m3smenntcs Ha Benmmuuny Ap ~ 27hydl = dp.

Breipazum dp depe3 ofHy MepeMeHHYIO X HWHTETPUpPYS B Tperenax oT X =-—2 J0

X =2, HailJieM JaBJICHHE BOJbI HA BCIO MOBEPXHOCTH IIapa. M3 ypaBHEHUST OKPYKHOCTH

X2

2 X 2 X2 2
+y“ =4 Haiinem y’=—y u 3arem dl =\1+(y)“dx= 1+—2dX:VdX; U3 YepTeka

y

HaxoauM h =3+ X. CinenoBareibHO,

2 2 2 R
P= 27zj (3+ x)ygdx:4ﬂf (3+X)dx = 27(3+X)*| =487 (T) ~ 4708807 (1) ~ 0,471x(l 1).
%, y % -

JlaBiieHre Ha BEPXHIOK IMMOJIOBHHY MOBEPXHOCTH Ilapa MOJIy4YHM, HHTErpupys dp B

npeaenax ot -2 jo 0:

R =27 (3+x)’| =167(T) ~156960 (i) ~ 0,157 (i 7).

JlaBneHue Ha HIDKHIOIO TTOJIOBHHY MTOBEPXHOCTH I1apa OyaeT
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2 ~
P, =27(3+X)’| =327(T) ~ 3139207 (i ) ~ 0,314z (I 1).

Ilpumep. Bpraumciute padboTy, HEOOXOMMMYIO JIIi BBIKAUMBAHUSA Macja U3
BEPTUKAJILHOTO IIJIMHIPUYECKOTO pe3epByapa BbicoTod H = 6 m u pagmycom
ocHoBanus R = 2 m. Yaenbusblii Bec macia o0 =0,9.

Pewenue. BenuunHa paOoThl (, 3aTpayMBacMOil Ha IOJHITHE HEKOTOPOIO TeEla,

3aBUCHUT OT BBICOTHI X ero moabeMa: ( = PX, P — Bec Tena.

HomyctuM, 4TO padoTa, 3aTpadyeHHas BbIKAYMBAaHUE M3 pe3epByapa Cios Macia
TOJIIUHOIO X, puc. 2.3, ecTh HeKoTopass GyHKws ((X) u Haiinem auddepeHiman IToi
(GyHKUIHU.

[Tpu yBenmueHuu x Ha BenU4nHy 0X 00BEM V CII0s Maciia YBEIMYUTCS HA BEITUUUHY

i 0O

—_ b o M
I‘‘."""‘-l———l-""""‘ -

1-"" J“l"----

r".", -
3{ x . _.,-r"
.f"""‘ ‘!""‘
- T Ty 7 -
M
f'_,_.l——'l—h‘_\‘
"~ y
Puc. 2.3 Puc. 2.4

Av = 7R*dX, ero Bec p yBennuurcs Ha Bennuuny Ap = 76R*dX, a 3aTpauennas pabora
(| yBeIMUnTCA HA BennunHy AQ ~ 7oR*xdx =dq.
Bcro uckomyto padoty Q nmosmyunm nipu usmenenuu X ot 0 go H. I[Tostomy

" ZSR*H’

H 2
Q= woR* | xdx = 76R? X? ~ 648007 (8A1 ) ~ 64800 9,817 (4 ) ~
0

0

~ 6356887 (42 ).t

1 JIx (JIxoyib) — euaunna paboTel B MextynapoaHoi cucteme exunun CU. 1 doic ~ 0,102 kI, 1 kv~ 9,81 doc.
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Ipumep. 1lpu ycnoBuUsX MpeAbLAYIICH 3214l BEIYUCIATH Pab0Ty, HEOOXOIUMYIO IS
BBIKQUMBAHM Macjla W3 UWIMHIPUYECKOTO pe3epByapa, €ClId €ro OCh HMEeT
TOPU30HTAJILHOE HAIPaBJICHHUE.

Pewenue. Kak w B pemieHMM TpeabIIyIIeld 3agadd, IojlaraeM, 4YTOo padora,
3aTpauyrBaeMas Ha BHIKAUMBAHHE U3 PE3epByapa closi Macia TONIUHOIO X,

puc. 2.4, ectb HekoTopas GyHKIMs ((X) 1 Haligem quddepeHIran 3ToH QyHKITHH.

[Tpu yBennyeHMU X Ha BENMYMHY OX 00BEM V CJI0s Maciia yBEJIUYUTCS Ha BEIUYUHY

AV ~ Hydx =dv, ero Bec p yBeiauuuTcs Ha BeinwuuHy Ap =~ oHydx =dp, a 3arpadcHHas
paboTa (| yBenuuHTCs Ha BeanunHy AQ~ dHyxdx =dq.

Bcest nckomast pabota Q BeIpasutcs mHTerpaioM ot dq B mpenenax ot X=0 g0 X=2R:

QzéHTyxdx=25H2fx\/R2—(x—R)de,
0 0

rJIc TICpeMEHHas Y BBIpAKEHA Yepe3 TMEPEeMEHHYI0 X U3 MPSAMOYTOIBHOTO
tpeyronbarka ONM.

Jlyis BBIYMCIICHHST DTOro mHTerpana monaraemM X — R =Rsint. Torma dx = Rcostdt;

T T
t=—— mopu X=0;t=—opu X=R:
2 P o P

7l2
Q=26H I (R + Rsint)R*cos” tdt :25HR3(Icosztdt+jcoszysintdt)

—rl2

72

-rl2

7l2 ~
- 25HR3(%t ' %sin o —%cos%) " —wSHR® = 432007(8A1 ) ~ 4237927 (5 ).

Ilpumep. Onpenenuts paboTy, HEOOXOIUMYIO JJIS 3aImycka pakeTsl Becom P =15 T ¢

noBepXHOCTH 3eMiu Ha BeicoTy H = 2000 xwm.

Pewenue. Cuna F IIPUTSKCHUA TCJIa 3eMJICM HWJIM BEC Tejla 3aBUCUT OT €ro

A
paccrosnus X 10 uenrpa semau: F(X)=—,rne 4 —nocrosHHas.
X

Ecim P ectb Bec TCJIa, KOrga OHO HAXOAWTCA Ha IMOBCPXHOCTH 3€MIJIM, T. €. Ha

A

paccTosIHUM 3eMHOTO paauyca R ot mentpa 3emim, o P =—, A=PR? u cuna F,
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npeogojicBacMas ABUIaTCICM HOHHHMammeﬁCH PAKCTBl B MOMCHT, KOI'ZJa OHa
HaXOOIUTCA Ha PACCTOAHHNU X OT HCHTPA 3CMJINU, ABJIICTCA N3BECTHOU q)YHKHI/Ieﬁ OT X:

PR’

x>

F(x)=

[Tonaras, uro paboTa, coBepiaemasi JBUraTesIeM pakeThl IPU NOJBEME €€ Ha BBICOTY
X, €CTh HeKoTopast GyHKIMs ((X) u AOMmycKas, 4TO MpH AaJbHEHIIIEM MOIbEME PAKEThI
Ha Manmyro BeicoTy OX cmnma F ocraercs HEeM3MEHHOH, HaljeM NPUOIIKEHHYIO
BEJIMYMHY NPUPALLEHUS paOOThI

PR’
X2

AQ = F(x)dx = dx =dq.

[Ipu mogbeme pakeThl C MOBEPXHOCTH 3€MIIM Ha BBHICOTY H mepeMeHHas X u3MeHsieTcs

ot R 1o R+H. [TosTomy uckomasi pabora Q BbIpakaeTcsi HHTETpajioM

“H  PRH

_R+H B 2R+de_ , 1
Q= | F(xdx=PR =PRI | =

X

R R
IMpu P =15T, H =20008&i , R=64008&i ,
Q ~ 22857140008A1 ~ 224228543404z .
Paboty, KOTOpyI0 MIOKEH COBEPIIUTH JBUTATElb, YTOOBI IOJHOCTBIO OCBOOOIHUTH

paKeTy OT 3eMHOT0 MPHUTSHKCHHUSA, MOKHO OINPEISInTh Kak mpenen padorsr Q(H) mpu

HEOTpaHWYEHHOM Bo3pacTaHuu H:

IImQ(H)=Ilim PRH =lim| PR: B+l = PR.
H—o H—>ooR+H H—o H

[Ipu yka3zannbix 3HaueHusx P u R 3Ta pabora coctaBut

9 600 000 000 x/'m ~ 94176 000 000 ooxc.

Ipumep. Humuuap Beicotoit H = 1,5 m u panguycom R = 0,4 u, HanmoOJHEHHBINA Ta30M
nox armocepusim gasinenuem (10 330 x//u?), 3akpeiT nopiusem. Onpenenurs padory,
3aTpayMBaeMyl0 Ha HW30TEPMHYECKOE CKaThe Ta3a NpH MEepeMEIIeHUH TOPIIHS Ha

paccrostare h = 1,2 » BHYTpb IIMIIMHApA.
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Pewenue. Tlpy n30TepMIUUYECKOM U3MECHEHUHU COCTOSHHUS Ta3a, KOT/Ia ero TeMIeparypa
OCTaeTCs HEM3MCHHOW, 3aBUCUMOCTh MEXIy OO0bEeMOM V W JaBJeHHEM [ Trasa
BeIpakaercs ¢opmynon pv=c=const. (3akon boitns —Mapuorra).llosTomy, ecnu
HOpIICHb OyIeT BABUHYT Ha X M BHYTpb LUIUHIpa (puc. 5), To maBieHue P(X) rasa Ha

c _C
v(x) S(H-=X)

CAVHMITY IUIOmAAu MmopimHs Oymer P(X)= , a JlaBJIEHHME Ha BCIO

TJI0TIATH S TTOPIITHS oyner

/ P() =Sp(X) ="

[Tomarass, 4ro pabora, 3aTpauuBaemasi IpHU

BABM)KCHUHM IOPIIHA Ha X M, €CTh HEKOTOpas

byukuus  ((X), ® Jgomyckas, 4YTO MpH

I ;[aaneﬁmeM BABHJKCHHWM IIOpHIHA Ha MaJloc
I

Puc. 2.5 paccrosuure OX HCOBITHIBAEMOE UM JaBJIEHUE
P(X) ocraercs HEU3MEHHLIM, HaWAeM NPUOIMKEHHYIO BEIUYMHY IPUPAIICHHUS
(maddepentman) Gynkun g(X):
C
H —Xx

AQ =~ P(x)dx = dx =dq.

Bceii nckomoii pabore Q coorBercTBYeT M3MeHeHue X oT 0 10 h, mosTomy

h
ax =—clIn(H -x)| =cln H :
—X 0 H-h

h
Q=c£H
Ipu H = 15 m R = 04 u h = 12 m p,=10330 xI/m®> wHaiizem
v, = 7R?H =0,2471 % ¢ = p, = 2479,27; Q ~12533,38A1 ~122951, 74z .
Hpumep. Tlpu ycnosusax OpeabLIyllei 3a1a9u oOnpeaeanuTh paboTy aanadaTHIeckoro

cKaTHsl ra3a®, MpU KOTOPOM €ro o0beM V M JaBJIE€HHE [ CBA3aHHI COOTHOIIEHHEM
k
pv® =c=const (3akon Ilyaccona), rae K — mocTosiHHast ISl JaHHOTO ra3a BeJIMYWHA,

Oonbras equaUIbl. (s Bozayxa k ~1,4.)

2 B apuabaTUdeckoM NpoLecce TEMIEPaTypa ra3a MEHSETCs: IPU YBEIMYEHUH 00beMa OHA IOHMKAETCS, a [IPU
YMEHBIIICHUH 00beMa MTOBBIIIIAETCS.
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Pewenue. 11oBTOpsiA TE &e pacCyXJI€HUs U yIOTPeOsisi Te )Ke 0003HaUeHMsI, KaK U B

pelIeHnH MPEeIbIAYIIeH 3aa4uu, HallieM cleayrollee BhlpakeHue s auddepeHimana

paboOThI:
cdx
dg(x) = :
q( ) S k—l(H _ X)k
Wuterpupys B npeaenax ot X = 0 10 X = h, moxy4uM BCIO KHCKOMYIO padoTy
h 0 1-k
C dx C X c (H-x)"|°
= = H-x)"d(H-x)= =
Q Sk_l'([(H —X)k Sk—l}[( ) ( ) Sk—l 1_k h

poVok 1 l pOVO H !
= k-1 k-1 k-1 == _1
S*Y(k-1)| (H-h)** H k-1/\H-h

IMomaras H = 1,5 m, k = 1,4, naiinem

2479,27| (15
Q22 (

0,4
—1|~17593,48A1 ~172591 34 .
0,4 0,3

CpaBHeHHME JTOrO pe3yibTaTa ¢ MPEAbIAYIIMMUA TOKa3blBaeT, 4YTO padoTa,
3aTpauydBaeMasl TpU  agua0aTUYEeCKOM  C)KaTUW  rasza, Oojblle, dYeM Ipu
MU30TEPMHUYECKOM.

Ilpumep. 1lpAMOYronbHBIA pe3epByap C IUIOMAJAI0 TOPU3OHTAIBHOTO CEUCHUS
S=61° mamomHeH Bomoil m0 BeIcOTHI H = 5 m. Omnpenenuts BpeMs, B TeueHHE

KOTOPOTO BCSl BOJIA BBITEUET U3 pe3epByapa uepe3 HeOONbIIOe OTBEPCTHE B €ro JHE
N
wromaasio S=0,011 °, eciiu MPUHSATH, YTO CKOPOCTH UCTeUeHHUs BobI paBHa 0,6,/2gh ,

rae h — BbicoTa ypOBHS BOZBI HaJl OTBEPCTHEM, (J — YCKOPEHHUE CHJIBI TSDKECTH.
Pewenue. Cornacuo o6ueii cxeme (l) pazodbeM nckomoe Bpemsi T Ha OOJIBIIOE YUCIIO

N MajbIX NPOMEXKYTKOB At, At,, ..., At , ¥ IycTh 3a KaXXIbli TaKOH IIPOMEXKYTOK

H
YPOBEHB BOJIbI B PE3€pBYyape MOHMUKAETCS HA BETUUUHYy AX =— (puc. 2.6).
n
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Ecan AOIMMYCTUTb, YTO B TCUCHHUC KaXXAOro Majloro IIPOMCXKYTKa BPCMCHHU Atl

CKOpPOCTb UCTCUCHUA BOABI YCPC3 OTBCPCTHUC B AHC OCTACTCA HOCTOHHHOﬁ, paBHOﬁ cC

3Ha4YCHHIO B Ha4daJi€ IMPOMCIKYTKA

0,64/2g(H — %), To, mpupaBHSE 0OBEM

BOJBI, BBITCKILIEM C TakoH CKOpPOCTBIO

At., 00BbEMY OIOPOKHUBILEHCS 3@ ITOT K€

MIPOMEXKYTOK YaCTH pe3epByapa, MOTyYUM

!
I
-+ ' yepe3 OTBEPCTHUE B JHE 3a MPOMEKYTOK
|
I
|
|
I

H| ... pUOJIMKEHHOE PABEHCTBO

P i 0,65,/2g(H — x,)At. = SAX,

OTKyJa

At ~ SAX .
PHc. 2.6 0,6s429(H —Xx;)

[TpubnmxeHHOe 3HaUEHUE BCETO UCKOMOTO BpeMeHU T OyJeT paBHO CyMMe

T=Yat~) SAX 2.2)
1

=0,6s,/2g(H - x,)

rZie 10 YCJIOBUIO 33/1a4M TOYKH X, 3aKIIIOYECHBI HA OTPE3KE [0, H ]

VY6enuBIuCh, 4TO C BO3pacTaHUEM N MOTPEHIHOCTh MOJYYEHHOTO MPUOIMKEHHOTO
3HauU€HUA | CTPEMUTCS K HYJIIO, HallIeM TOYHOE 3HaueHue | Kak Mpenesl UHTerpaibHON

CyMMBI (2.2) ipr N — +00, T. €. KaK COOTBETCTBYIOITUN ONPEACICHHBIN HHTETpal

s 2S
T=—"_[(H — 2 (H-x)2| =——
o,asﬁl( o,es\/ﬁ( 'l 0,65\ g

CorocTaBjeHue 3TOro pe3yiibTaTta C NIPCAbIAYIIUM ITOKAa3bIBACT, YTO BPCMA NCTCUCHUA

—X)_édX: % ° S ﬁ

T, 6e3 Bo3MeIieHUs1 yOBUTH BOJIBI B Pe3epByape, B 1Ba paza 00JIbIlle BPEMEHU UCTCUCHUS

T,, IpU IOCTOSIHHOM BO3Me€ILeHNH yObun BoAsl; T = 2T, .
Ilpumep. 1lpu ycnoBusx npeaplAyIlel 3a1a4l ONPEAEIUTh, 38 KAKOEe BPEMsl YPOBEHb
BOJBI B pe3epByape HM3MEHHTCS Ha h m, ecium cBepxy B HEro HENPEPHIBHO OyneT
N3 ‘-)
nporekaTsb V | ° BOJBI B CEKyHIY
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Pewienue. B >TOM cnydae 3a Maiblii POMEXYTOK BpemMeHH At oObeM BOJbI B

pe3epByape U3MCHUTCS Ha BETHUUHY
SAX ~ [0,68 20(H —x) —V]At, OTKyJa

At ~ SAX —dt.

0,6s4/2g(H —x) -V

Hurerpupys dt B mpegenax ot X = 0 no X = h, Haiinem nckomoe Bpems T,, 3a KOTOpOe
ypOBEHB BOJIBI B pe3epByape u3aMeHnutcs Ha h(m):
f dx

T,=a| ————, 11e
? !x/H—x—b

a=

Sy vV
0,65,/2g 0,65,/2g

[Mpumenss noacraHoBky v H — X =z, monyunm dx =-2zdz; z, = \/ﬁ npu
X=0; z,=+H —h npu x = h;

T j szz

2

j(u—sz =2a(z+bln|z —b\)‘

\/_b
JH-h-b

31ech M3MEHEHHE YpPOBHSA BOJABI B pe3epByape MOKeT ObITh JBOAKUM. Eciam B

_ZaE\/— JH-h+bln|——

HavabHbIH MOMeHT pu h = 0 ckopocTh mpuTOKa BOJbI V OyJIET MEHBIIIE CKOPOCTH €€
yoObiBanust u3 pesepyapa 0,6S,/2gH , To ypoBeHb BOABI OyACT MOHWKATHCS JI0 TEX

Iop, IOoKa 3TU CKOPOCTHU HC CTAHYT OAMHAKOBBIMHU. ITocne aToro BOda 6YI[CT OCTaBaTbCA

Ha TIOCTOSHHOM YypPOBHE, MEHBIIEM IepBOHAYaibHOrO ypoBHS H Ha Bemmuuny h,
onpezaensiemyro u3 ypasuenus 0,6s,/29(H —h) =

Ecmu xe B Hauane npomnecca V >0,6S,/2gH , To ypoBeHb BOIBI B pe3epByape OyaeT
MOJHUMATLCS JI0 TEeX IOp, MOKAa HE MPEBBICUT IEPBOHAYAIbHBIA ypoBeHb H Ha
BEJIMYMHY I, , ompenensieMyro U3 ypaBHEHUS

0,6s\/29(H +h,) =V
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1ocJie Yero ypoBeHb BObI B pe3epByape OyleT 0CTaBaThCsl HEM3MEHHBIM.

Ilpumep. JIBa OIMHAKOBBIX cOoCyla UMEIOT (OpMY NPSIMOTO KpPYIJIOro KOHyca ¢
BEPTHKAIBHON OCHIO; MX PACMOJIOXKEHUE M pa3Mephl Moka3aHbl Ha puc. 7. O6a cocynaa
HAIIOJIHEHBI BOJOW M 3aT€M OMOPOKHSIOTCA 4Yepe3 HeOOJbIINE OJIMHAKOBBIE KPYTJIbIE
OTBEPCTHUSI BHU3Y.

OnpenenuTs BpeMsi OMOPOKHEHMS KaXJIOro cocyJa U B KaKOM MOMEHT
BpEMEHU BojJa B O00OMX cOCyllax OyJeT Ha OJHOM YPOBHE, €CIIM UX OINOPOXKHEHHUE
HA4yaJioCh OJTHOBPEMEHHO.

Pewenue. Ilonaraem, uTO

_ A w—R C BpeMs t, 32 KOTOpPOE YPOBEHb
X B —  BOABl B TEPBOM HIH BO

H D BTOPOM COCYJI€ TIOHU3HUTCS HA
BEJIMYMHY X, €CTh HEKOTOpas

I B A M Gyukuus t(x) u Halinem ee

\ ¢ nuddepeHman dt pu

Puc. 2.7 M3MEHEHUH X Ha BenuuuHy dX.

[Iycth NMOHMXKEHUIO YPOBHS
BOJIBI B COCYJ/IC Ha MaJIyl0 BEIIMYMHY OX COOTBETCTBYET Majoe MPHUpPAIICHUE BPEMCHH

At. Torma, nmomyckas, 4TO B TEYEHHME 3TOTO MAJIOr0 MNPOMEXKYTKA BPEMEHU BOJA

BBITEKAET M3 COCYy/Ja C MOCTOSIHHOM cKopocThio, paBHoil 0,6./29(H —X) , Haiizem, urto

00BeM BOZBI, BRITEKIIEH 3a BpeMs Al depe3 OTBepCTHE B JHE INIOMAAbI0 7I°, GyaeT

AV = 0,67r?/2g(H — X)At.
3a 310 %e BpeMs At 00BeM BOZBI B COCYE YMEHBIIMTCA Ha BeqmduHy AV, ~ ry’dX,

KOTOpas J0JbKHA ObITh paBHa 0o0ObeMy BbITeKIIeH BoJbl AV. Otciofa, U3 paBeHCTBA

Av = Av,, noayunm

ydx

At ~ =
0,6r’y/2g(H —x)

dt.
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Bpemst T oJIHOro 0nopoKHEHUs! IEPBOTO WIIM BTOPOT'O COCYIa MOTYyYUM, HUHTETPUPYS

dt B mpenenax or X =0 go X = H:

06r\/7g-[\/ H-x

]_IJ'ISI BBIYMCJICHHUS 3TOI0 MHTEIrpajia BeIpasuM IICPEMCHHYIO Y 4CpE3 IICPEMCHHYIO X.

U3 mogo6us tpeyronsaukos ABC u NBM?® nmeem:

H H-xX R

a. JUIS IEpBOTO COCcyla — = , Yy=—(MH-x%);
R H
H x R

0. 11 BTOPOTO cocya R =—; Y= m X

[TosToMy Bpems T, OJIHOTO OMOPOKHEHHUS IEPBOTO cocya OyneT

° 2R* [H
Ho 3rf\2g

s
T R? j(H —x)?dx R? 2(H —x)?
YT 0.6rH 290 JH—x  0,6r’H22g 5

BpeMH TZ ITOJTHOTI'O OITIOPOKHCHHA BTOPOI'0 COCYOAa BbIPAKACTCA HHTCIPAJIOM

T R’ T x°dx
* 0,6r’H% 29 5 H —x

BBons HOByrO mepemenHyto Z=H — X, umeem: dx=-dz; z,=H npu x=0; z,=0

npu X=H;
x2dx H-z = 2 16,2
.[ I( )dz_I(H z 2 —2Hz? +22)dz—— 2,
> JH Jz 15
. 16R* |H
HOI[CT&BJ'I?IH HanACHHOC 3HAYCHUC MHTCI'PpAJId, ITOJIyIUM T2 = 9—2 2— .
r g
T, .
ConocraBus T, u T,, B3B UX OTHOLUICHHE —==—, 3aKIIOYacM, YTO IEPBBIA COCYX

1
OTIOPOKHSETCS 3HAUMTEIBHO (TOYTH B TPU pasa) OvicTpee BTOporo. [lpu sTom, eciu
OMOPOKHEHUE COCYJIOB HAUMHAETCA OJIHOBPEMEHHO, TO B Hadalleé Mpollecca ypOBEHb

BOJbI B IICPBOM COCYJEC 6y,21€T BbIIIC, YEM BO BTOPOM, 3aTEM HACTYIIUT MOMCHT, KOI'Jad

3 351ech BCiEACTBHE MAJIOCTH I 110 CPABHEHUIO C JAPYTMMH Pa3sMEpaMy COCY/a H [ yIPOIICHHs BbIYMCIIEHU lomycKaeTcs,
YTO OCEBOE CEUEHHE COCYy/Ia MPEICTABISACT TPEYTOIBHIK, a HE TPAIICIIHIO.
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YPOBHHM BOJBI B O00OMX COCyAaX CpPaBHSIOTCA, MOCIE YEro YpOBEHb BOJBI B MEPBOM
cocyzie OyZeT HEM3MEHHO U Bce OoJiee HUXKE, YeM BO BTOPOM.

JUist ompeneneHuss BPEMEHH, CIYCTs KOTOpPOE IIOCJIE€ Hayalaa OJHOBPEMEHHOIO
OTOPOKHEHUS COCYJIOB BOJa B HUX OYyJET Ha OJHOM YpOBHE, HaWJeM 3aBUCHMOCTh
BpeMEeHU t HCTEYeHUs BOJbI OT BEJIMYUHBI X TOHWKEHHS €€ YPOBHS JUISl KaXKJIOTO
cocyna.

Wuterpupys dt B nmpenenax ot X=0 10 X = X, MOTy4HUM:

a. JUIs TIEPBOTO COCy/a

R

2
0,6r’H% /29

X 3 2 5
t=b|(H —x)?2dx==b(H —x)?
5
0

o 2 5 ]
:gb{H 2—(H X)z}, roe b=
0. I BTOPOTO cocya

X X2 H
t:b!mdx:ijx

:b{ZH{H;—(H —x)ﬂ—gH{Hg—(H —x)g}%{Hg—(H —x)i}}.

PaccmaTtpuBas mostydeHHBIE 3aBUCHUMOCTH t OT X 1JiS MEPBOrO0 U BTOPOTO COCYAO0B

H

H-x

B 13 R P
(sz 2 _QHz>2 +22jdz:=b(2sz2 —5H22+g22j

KaK YypaBHCHHA C HMCKOMBIMH HCH3BCCTHBLIMHU t u X, M pemasg HuX KaK CHUCTEMY

(uckmrouas t), Haiimem:

{Hg—(H —x)g}:ZH{H —(H —x)i}—gH{Hg—(H —x)z}ué{H;—(H —x)g};
H{H;—(H —x)ﬂ—%{Hg—(H —x)z}:o;

JH =x(H +2x)=+H?®; 3H?-4x*=0; x= V3.

2

[To HalileHHOMY 3HAYEHUIO X W3 MEPBOro (WK BTOPOTO) YpaBHEHHUS OnpeensieMm t :

N[~

&

5

5 2
t=2pH? 1[1?] .

5
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Ilo wuncreyeHnu H>TOro IIPOMCIKYTKAa BPEMCHHU t mocie Haydana OJHOBPEMCHHOI'O

OIIOPOKHCHUA oboux COCyaOB BOJd B HUX 6yz:eT Ha OAHOM YPOBHC

N

h=H-x=H|1-— |~0,15H.
2
Ilpumep. Onpenenutb Maccy Iiapa IPOU3BOJIBHOIO pajauyca I, €ci IUIOTHOCTh B
K&)I(I[Oﬁ €TI0 TOYKC IIPOIMOPIHUOHATIbHA PACCTOAHNIO €C OT OCHTpA IIapa.
Pewenue. Ilycts Macca 1mapa npou3BOJIBHOTO pajuyca X €CTh HEKOTopas (yHKIUS
m(x).
[Tpu yBenuyennn X Ha Maiyro BenuuumHy OX 00BEM V 3TOro Iiapa yBEITHUYHTCS Ha

BEJIMYUHY AV, PaBHYIO pa3HOCTH 00BEMOB IIAPOB C paguycaMu X U X + dX:
4 3 3 4 2 2 3 2
Av = §7Z'|:(X +dx)° — X ] = 572'(3X dx + 3xdx” + dx*) = 4z x“dx = dv.

Jlomyckasi, 4TO BO BCEX TOYKaX Majoro oobema 0V IJIOTHOCTH OCTAaeTCsl HEM3MEHHOM
1 paBHO# KX, HaiiieM MpuOIMKeHHYI0 BeIUUuHy ero Macchl dm = kxdv = 4k rx*dx..
Hckomyro mMaccy M mapa pamumyca I moisydyum, mHTErpupyss dm B mpepenax ot

X=0 o X=r:

M = 4k j x3dx = kzx* = kzr?,
0

. €¢€
Ilpumep. DnexTpuuecKue 3apsaabpl OTTATKMBAIOTCS APYT OT Apyra ¢ CHION 172 , T7Ie €

U €, — BEJIMYMHBI 3aps/ioB, & I — paccTosiHMEe Mexay Humu. Onpenenurts padory,
HEOOXOQUMYI0 [UIsl TOro, 4ToObl MNpUOMM3HUTH 3apsan €,=1 k 3apsany € U3

OECKOHEYHOCTH Ha paccTosiHuE, paBHOE R .
Pewienue. DnementapHas padota dA paBHa MPOU3BEICHUIO CHJIBI Ha 3JIEMCHTAPHOEC
NepeMEIICHIEe U Ha KOCHHYC yrjla MEXIy HampaBJICHHEM CHJIBI W HaIlpaBJICHUEM

nepeMeIeHUS: dA=F cosadr. B paccMaTpuBaeMOM cirydae uMeeM
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& &

dA=F,coszdr =-F,dr =——=dr, 1. k. F, =—. CornacHo o0mei cxeme IPUMEHCHHUS
r r
_ fdr e R e
MHTErpana, Haxoaum: A=—g j e Bl
r role

e}

2.3. BoiuncjieHue cTaTH4eCKHX MOMCHTOB, MOMECHTOB MHEPIIUU, KOOPpAUHAT

HEHTPAa THAKECTH IVIOCKUX KPUBLIX U c[mryp

[TycTs {I\/I (XY j)} — CHCTEMa MaTepUAIILHBIX TOUEK MIockocTH XOY ¢ maccamu M,

n n
J=1n. Bemuuumasr M, = Zm Y L= Zm jy? , Ha3bIBaIOTCA COOTBETCTBEHHO
[ -1

cmamuyeckum MOMEHMOM U MOMEHMOM UHepyuu dTOW CUCTEMBI TOYEK OTHOCHTEIIBHO
ocu OX.

Ecnrm ©Ha rmagkoil KpuBOM = {(X, y)el?:y=f(x),a<x< b} pPaBHOMEPHO

pacrpeqiereHa Macca ¢ JUHEUMHOW IUIOTHOCThI0 4 =1, TO cTaTU4eCKUMU MOMEHTaMH U
MOMEHTAMH HWHEPLUUU KPUBOM ) OTHOCUTEIBHO OCEM KOOPAMHAT Ha3bIBAIOTCS

COOTBCTCTBCHHO BCIIMYMHBI

MX:Tf(x) 1+ f'(x)%dx, Myzjlx 1+ f'(x)%dx, (2.3)
IX:j‘fz(x) 1+ f'(x)%dx, Iy:ix2 1+ f'(x)%dx, (2.4)

a KoopauHaThel ee 1ieHTpa Tsukectr C(&,77) BeIUUCISAIOTCS 10 OopMyiaM

&=—=", n=—*, (2.5)

rae | — nouHa kpuBor .
[Ipeanonoxxum, 4To KpUBOIMHEIHAS Tpaneruss @ JexKuT 1Mo oHy cTOpoHy ocu OX u
YyTO OHa OAHOpoAHAa. CTaTUYECKUMHU MOMEHTaMHM WU MOMEHTAMHU WHEPIUU 3TOU

Tpancuuu OTHOCUTCIILHO oceit OX u Oy Ha3bIBAIOTCA COOTBETCTBCHHO BCIMYMHBI
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M, :w.ti f2(x)dx, M, =sgn f(x)j'xf (x)dx, (2.6)

1t (.2
|X:§£f ()| (x)|dx, |y:£x | (x)]dx (2.7)

a KOOpJMHATHI ee 1eHTpa Tsokectd C(&,77) BBIYMCIAIOTCS 1O PopMyiaM

M
§=—", n=-—= (2.8)

rae P — miomans tpanenum.
Ecnu nnockast omHopoiHast purypa UMeeT 0Cbh CHMMETPUH, TO €€ LIEHTP TKECTH
JICKUT HA 3TOU OCH.
IIpumepsbl BbIYHUCJIEHUS KOOPAUHAT HEHTPA TAKECTH U MOMEHTOB HHEPUUH

Ilpumep. OnpenennTs KOOPAUHATHI LEHTPA TSHKECTH IIIOCKOH (DUTYPBI

2 2

cI):{(x,y)eD2:%+§£1,0£x§a,0§ysb}.

Pewenue. [lpumensisa nocnenoBareabHo popMyibl (2.6) u (2.8), moayuum

2 a 2 2 3 \|a 2
MX:b—j 1—X—2 dx=b— X— Xz ab
270 a 2 3a

o 3

)

a 2 2 2\7 |o 2
M, =b|x,[1- 5 _barfy X pP_ab
5 a 3 a” ) |2 3
rab 4a rab  4b
§:My:—:—’ = X:—:—
4 3 4 3z
zab
(OCKONBKY IIomaab Gurypsl @ paBHa T).
Ilpumep. Haiitu momentsl unepuuu |, w |, napabonuueckoro cermenra @,
2ax — X
orpannyeHHoro rpadpukomM ¢pyakiuu f(X)=———, 0<x<2a, u orpeskom ocu OX.
a
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Pewenue. Cornacuo ¢opmynam (2.7), umeem

1% 243 4 0 2 X’ 8 4
| =— | (Rax—x")’dx=—a", | = | X*(2x——)dx=—-a".
x 3a2£( ) , j (2x-—)dx=C
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